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Abstract
The higher derivative corrections in double field theory are revisited to first order in α1. In
first order perturbation theory around flat space, the gauge algebra is α1 corrected, governed
by two parameters a, b. One parameter choice corresponds to bosonic string theory, another
to heterotic string theory. These results are generalized to second order in perturbation theory
by a Noether procedure. Using consistency conditions derived from the Jacobi identity, it is
shown that for general a, b there is no generalized metric formulation. A manifestly background
independent formulation is instead given by a frame formalism, with α1-deformed frame trans-
formations, as proposed by Marques and Nunez. Their construction is slightly generalized to an
α1-deformed GLpDq ˆ GLpDq frame formalism. The perturbation theory around flat space is
matched to second order with the results obtained by the Noether procedure. We also obtain a
formulation based on the ‘non-symmetric’ metric E , the sum of metric and b-field. The trans-
formations of E under OpD,Dq receive non-trivial α1 corrections, unless a “ ´b, in which case
there is a generalized metric formulation, in agreement with previous results in the literature.
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1 Introduction
One of the most intriguing features of string theory is that already at the classical level it
modifies general relativity by higher-derivative corrections and new symmetries or dualities.
The classical target space equations, which are not known explicitly, are a generalization of
the Einstein equations by an infinite number of higher-derivative corrections governed by the
dimensionful parameter α1. In addition, string theory features novel duality symmetries, notably
under the ‘T-duality’ group Opd, d;Rq [1,2], which from the point of view of standard geometry
is a hidden symmetry that only emerges upon compactification on d-tori.
Despite being central characteristics of string theory, until recently only very little was
known about the interplay between the α1 corrections and the Opd, d;Rq symmetry, which must
1
be realized to all orders in α1 [3–5]. (See [6, 7] for notable exceptions.) Double field theory,
which is the framework that makes Opd, d;Rq manifest before compactification by working
on a suitably ‘doubled’ spacetime [8–12], has been used recently to describe α1 corrections
[13–23]. This requires a deformation of certain structures in double field theory (DFT). Most
importantly, the gauge symmetries are α1-deformed, which in turn implies that the higher-
derivative corrections are determined (at least partially) by a gauge symmetry principle.
An exactly duality and gauge invariant α1-deformation was found in [13]. In terms of
conventional geometric objects, this theory (referred to as HSZ theory) almost certainly encodes
an infinite number of α1 corrections. However, this deformation does not encode the most
general higher-derivative corrections arising in bosonic or heterotic string theory, which were
determined in [14, 15] perturbatively about flat space, using closed string field theory (CSFT)
to cubic order in fields [24, 25]. More recently, in important work by Marques and Nunez
[16], the first order α1 corrections were described by a deformation of the frame or vielbein
formalism of DFT. Part of the motivation for the present paper was to clarify these results
and to understand how they are related to ‘metric-like’ field variables. Reporting on results
that were recently announced in [26], I will show that in general there are obstructions for
a background independent formulation based on the so-called generalized metric. Instead, a
formulation that is both manifestly invariant under all symmetries and background independent
is given by a frame formalism, which introduces pure gauge modes under a (generalized) local
Lorentz symmetry. The need to work with a vielbein formalism is well-known from the problem
of coupling fermions to gravity, but to my knowledge the result discussed in this paper is the first
example of a purely bosonic theory that seems to require a frame formulation. In the remainder
of the introduction, I will sketch proofs for this conclusion and corroborating consistency checks.
Let us begin by reviewing some central structures of DFT in order to discuss where and how
they need to be α1-deformed. The fields depend on doubled coordinates XM “ px˜i, x
iq, where
M,N “ 1, . . . , 2D are OpD,Dq indices, and D denotes the number of spacetime dimensions.
The associated doubled derivatives BM “ pB˜
i, Biq are subject to the ‘section constraint’ or ‘strong
constraint’
ηMNBMBNA ” B
MBMA “ 0 , B
MA BMB “ 0 , ηMN “
˜
0 1
1 0
¸
, (1.1)
for any fields A,B, where ηMN denotes the OpD,Dq invariant metric. The most general solution
to this constraint is given by B˜iA “ 0 for all fields A, and all its OpD,Dq rotations. The metric
tensor gij and the Kalb-Ramond two-form bij transform, to zeroth order in α
1, according to a
non-linear realization of OpD,Dq. Combining g and b into the ‘non-symmetric’ metric
Eij ” gij ` bij , (1.2)
the non-linear OpD,Dq action is given by
E
1pX 1q “ pa EpXq ` bqpc EpXq ` dq´1 , h ”
˜
a b
c d
¸
P OpD,Dq , (1.3)
where X 1M “ hMNX
N . This is the familiar non-linear realization, typically realized on scalar
fields in dimensionally reduced theories [2], but here this notion is slightly generalized in that
2
the coordinate argument X is transformed as well. The non-linear OpD,Dq action can be
linearized by passing to the ‘generalized metric’ HMN ,
HMN “
˜
gij ´gikbkj
bikg
kj gij ´ bikg
klblj
¸
, (1.4)
which is constrained to be OpD,Dq valued, satisfying HMKη
KLHLN “ ηMN . The OpD,Dq
action is now given by the covariant transformation
H
1
MN pX
1q “ ph´1qKM ph
´1qLN HKLpXq , (1.5)
which is equivalent to (1.3), as we will review in more detail in sec. 5.1.
It should be emphasized that the OpD,Dq transformations (1.5) or, equivalently, (1.3) are
genuine invariances of DFT thanks to the doubled coordinates transforming under OpD,Dq.
Although the strong constraint (1.1) implies that the fields depend only on D coordinates, the
solution of the constraint does not need to be specified in order to define the theory. Since
the constraint is manifestly OpD,Dq invariant, the theory is duality invariant. This invariance
suffices in order to make manifest the emergence of Opd, dq upon dimensional reduction on a
torus T d.1 Indeed, in this case the Kaluza-Klein ansatz implies that the fields are independent
of the d internal coordinates ym, and since the fields are also independent of the dual coordinates
y˜m the ‘unbroken’ symmetry is Opd, dq. In contrast, picking a solution of the strong constraint
from the start realizes only the ‘geometric subgroup’GLpD,Rq˙R
1
2
DpD´1q, consisting of ‘global’
diffeomorphisms and antisymmetric shifts of the b-field. This symmetry is manifest in any
theory written in terms covariant curvature tensors, the gauge invariant field strength H “ db
and their covariant derivatives. It becomes particularly important when including α1 corrections
to make the full OpD,Dq manifest, for there are numerous higher-derivative invariants that can
be written with such conventional geometric objects, but only a small subset is actually duality
invariant and realized in string theory. Thus, DFT strongly constrains α1 corrections.
In order to explain the obstacle for a generalized metric formulation that will be proved in
this paper, we have to recall the perturbation theory around a constant background. Expanding
HMN around a constant H¯MN , the fluctuation terms are constrained in order to preserve the
constraint on H. The proper expansion reads
HMN “ H¯MN ` hMN¯ ` hNM¯ ´
1
2
hKM¯ hKN¯ `
1
2
hM
K¯ hNK¯ ` Oph
3q , (1.6)
where we introduced projected OpD,Dq indices defined for a vector by VM “ PM
NVN , VM¯ “
P¯M
NVN , with the projectors
PM
N “ 1
2
`
δM
N ´ H¯M
N
˘
, P¯M
N “ 1
2
`
δM
N ` H¯M
N
˘
, (1.7)
satisfying P 2 “ P , P¯ 2 “ P¯ and PP¯ “ 0 as a consequence of the constraint on the back-
ground generalized metric, H¯M
KH¯K
N “ δM
N . The fluctuation field hMN¯ has D
2 independent
components and transforms covariantly under OpD,Dq. The non-symmetric metric Eij is un-
constrained and so are its fluctuations, but in order for the fluctuation field to transform in a
1Here and in the following we consider the continuous group realized on the massless fields of the classical
theory. The discrete group realized in the full string theory will be briefly discussed in the conclusion section.
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simple way under OpD,Dq a particular expansion is needed:
Eij “ Eij ` eij `
1
2
ei
kekj ` Ope
3q , (1.8)
whereE “ G`B encodes the constant background metric G andB-field. Indeed, the fluctuation
field eij naturally appears in CSFT, where it transforms under OpD,Dq precisely in such a way
that the background independent field Eij transforms as required by (1.3). Moreover, the
two fields hMN¯ and eij are closely related, which can be made manifest by use of a constant
background frame field EA
M , with doubled tangent space indices A “ pa, a¯q, as follows [15]:
Ea
iE b¯
j eij “
1
2
Ea
M E b¯
N hMN¯ , (1.9)
provided the higher order terms in (1.6), which are fixed by the constraint on H only up to
field redefinitions of hMN¯ , are chosen appropriately.
Let us now turn to the first α1 correction. Starting from CSFT to cubic order in fields, it
was shown in [15] that the gauge algebra, rδξ1 , δξ2s “ δξ12 , which to lowest order is given by the
‘C-bracket’ for gauge parameters ξM , receives an α1 correction and reads
ξM12 “
“
ξ2, ξ1
‰M
c
´ 1
4
aK
KL
2 B
MK1KL `
1
4
bKK¯L¯2 B
MK1K¯L¯ ´ p1Ø 2q , (1.10)
where K1MN “ 2BrM ξ1Ns, etc., and the explicit factors of α
1 are suppressed. More precisely,
for a “ b “ 1 this is the gauge algebra for bosonic string theory, but the deformation is
consistent for any choice of a, b. In particular, for a “ 1, b “ 0 it corresponds to heterotic
string theory, while for a “ 1, b “ ´1 it corresponds to the HSZ theory [13]. This result holds
to first order in perturbation theory, for which the fields (hMN¯ or equivalently eij) enter the
gauge transformations linearly, while the gauge algebra is field independent. Using the Noether
procedure, in sec. 2 this result is extended to second order in perturbation theory, for which the
fields enter the gauge transformations quadratically and the gauge algebra is field dependent.
We then ask whether there is a manifestly background independent formulation in terms of
the full generalized metric HMN , with a field dependent gauge algebra. It turns out that for
bosonic string theory there is a unique candidate gauge algebra in terms of HMN , c.f. (2.43)
below, that is consistent with the second order results. It will then be shown in sec. 3, however,
that this candidate expression does not define a consistent gauge algebra because it does not
satisfy the Jacobi identity
ř
cycl.rrδξ1 , δξ2s, δξ3 s “ 0 when acting on fields.
2 This proves that
there is no generalized metric formulation for bosonic string theory to first order in α1.
In sec. 4 we then turn to a frame or vielbein formalism in order to find a background
independent formulation of the general first order α1 corrections. We follow the proposal of
Marques and Nunez [16], which we clarify and slightly generalize by extending the (α1-deformed)
frame transformations to GLpDqˆGLpDq. The full frame field EA
M , with tangent space indices
A “ pa, a¯q, is subject to local frame transformations that act as
δΛEa
M “ Λa
bEb
M ` Σa
b¯pΛ, EqEb¯
M , (1.11)
and similarly for Ea¯
M , where Λa
b and Λa¯
b¯ are the GLpDq ˆGLpDq parameters, and
Σa
b¯ ” a
2
DaΛc
d ωb¯d
c ` b
2
D
b¯Λc¯
d¯ ωad¯
c¯ . (1.12)
2The ‘C-bracket’ algebra has a non-vanishing Jacobiator, but it represents a trivial parameter and therefore
the Jacobi identity acting on fields is satisfied.
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Here DA “ EA
MBM and ωAB
C are the GLpDqˆGLpDq generalized spin connections, which are
first order in derivatives of E (c.f. sec. 4.1). Thus, the second term in (1.11) carries two deriva-
tives and is of order α1, thereby representing a deformation of the covariant frame rotations.
These gauge transformations close to first order in α1, which requires a deformation of both
the generalized diffeomorphism algebra and of the glpDq ‘ glpDq algebra, where in this paper
we restrict ourselves exclusively to first order in α1. Let us also note that the structural form
of the gauge transformations (1.11) is analogous to the Green-Schwarz deformed local Lorentz
transformations in D “ 10, N “ 1 string theory [29]; indeed, they encode these transformations
for a particular choice of a, b [14–16]. We will set up the perturbation theory around a constant
background frame, following [8,27,28], and show how to identify the frame-like fluctuation fields
with those in (1.9) upon imposing appropriate gauge conditions. It is then shown that, up to
parameter and field redefinitions, the results agree to second order in perturbation theory with
those found in sec. 2 by the Noether method applied to the first order string theory results
of [15]. This gives an independent check that the α1 deformed frame formalism is the proper
background independent DFT formulation of the general first order α1 corrections.
Thus, there is a satisfactory frame-like formulation of the first order α1 corrections in DFT,
but it remains somewhat puzzling why a metric-like formulation should not exist in general.
CSFT implies that DFT can be written in a manifestly OpD,Dq invariant way in terms of
fluctuation fields eij or, equivalently, hMN¯ , which is confirmed by the explicit results in this
paper. What, then, prevents us from re-summing these fluctuations as in (1.6) or (1.8) in order
to write the theory in terms of the background independent generalized metric HMN or the
background independent Eij? It is certainly possible to write the α
1 corrections of bosonic string
theory, and of the NS-NS sector of superstring theory, in terms of gij and bij and hence in terms
of Eij “ gij ` bij. In order to resolve this apparent contradiction, I will show in sec. 5 that in
the α1-deformed formalism the frame can indeed be parameterized in terms of a field Eij , upon
fixing an appropriate gauge, but the crux is that the Eij so defined does not transform under
OpD,Dq as in (1.3). Rather, the OpD,Dq transformation of Eij is α
1-deformed. Consequently,
there is no generalized metric formulation, because that would imply an undeformed OpD,Dq
invariance. More precisely, for general parameters a, b, the OpD,Dq transformations of gij
and bij are deformed in a non-trivial way, but for a “ ´b we will see that the deformation is
actually trivial and hence removable by a redefinition, in agreement with the fact that for this
case, corresponding to HSZ theory [13], there is a generalized metric formulation [17].
The above conclusion can be summarized by saying that in string theory there is a conflict
between manifest duality invariance and manifest background independence. Indeed, in pertur-
bation theory written in terms of eij the OpD,Dq invariance is manifestly realized to all orders
in α1 in the original sense, but then the naive Eij defined by (1.8) is not the actual background
independent variable in string theory to first order in α1. Conversely, writing the theory in a
manifestly background independent way in terms of a field Eij , the OpD,Dq symmetry is in
general no longer given by (1.3) and not manifest. In sec. 6, this observation will be used to
give an independent proof for the no-go result for a generalized metric formulation. Starting
from the manifestly background independent frame formulation, I will prove that for the field
hMN¯ background independence only holds — in the sense that the theory is writable in terms
of HMN according to (1.6) — for a “ ´b, corresponding to HSZ theory [13].
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2 Second order perturbation theory: Noether construction
Here we determine the perturbative gauge structure of DFT around flat backgrounds to first
order in α1 but including two fields in the gauge transformations, to which we refer to as second
order perturbation theory. This determines field-dependent terms in the gauge algebra. In
the first subsection we review the results obtained from string field theory to first order in
perturbation theory. In the second subsection we use the Noether method to extend this to
second order in perturbation theory. In the last subsection we determine the unique candidate
expression for the background independent gauge algebra in terms of the generalized metric, of
which it will be shown in the next section that it does not define a consistent gauge algebra.
2.1 Review of first order perturbation theory
The gauge transformations for the generalized metric HMN to zeroth order in α
1 are given by
the generalized Lie derivative w.r.t. the gauge parameter ξM ,
δξHMN “ LξHMN ” ξ
KBKHMN `KM
KHKN `KN
KHMK , (2.1)
where we defined
KMN “ BM ξN ´ BN ξM , (2.2)
and indices are raised and lowered with the OpD,Dq invariant metric ηMN . Due to this form of
the gauge transformations and the strong constraint, gauge parameters of the form ξM “ BMχ
are trivial in that they do not generate a gauge transformation. The gauge transformations
close, rδξ1 , δξ2 s “ δξ12 , according to the C-bracket
ξM12 “
“
ξ2, ξ1
‰M
c
” ξN2 BNξ
M
1 ´
1
2
ξ2NB
M ξN1 ´ p1Ø 2q , (2.3)
which is related to the generalized Lie derivative and the inner product x , y defined by the
OpD,Dq metric η by
LVW “
“
V,W
‰
c
` 1
2
B
@
V,W
D
. (2.4)
The proof of closure is straightforward when using the following identity
K12MN ” KMN pξ12q “ ξ
K
2 BKK1MN `K2M
KK1KN ´ p1Ø 2q , (2.5)
where K1 ” Kpξ1q, etc., which can be verified by a quick direct computation employing the
strong constraint. Taking the derivative of this equation we derive another useful identity,
BMK12KL “ ξ
N
2 BNBMK1KL `K2M
NBNK1KL ´ 2K2rK
NBMK1LsN ´ p1Ø 2q
” Lξ2
`
BMK1KL
˘
´ p1Ø 2q ,
(2.6)
where we used again the strong constraint and recognized on the right-hand side the generalized
Lie derivative of an object with three indices. Let us finally note that the gauge transformation
of the dilaton,
δξφ “ ξ
NBNφ` BN ξ
N , (2.7)
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will remain undeformed under α1 corrections. Indeed, as will be established below, the defor-
mations of the gauge algebra are such that the free index of ξM12 is carried by a derivative, so
that the corresponding transformation of φ is trivial by the strong constraint.
We now turn to the perturbative expansion (1.6) around a flat background encoded in the
constant background generalized metric H¯MN ,
HMN “ H¯MN ` hMN¯ ` hNM¯ ´
1
2
hKM¯ hKN¯ `
1
2
hM
K¯ hNK¯ ` Oph
3q , (2.8)
where we recall the projected OpD,Dq indices defined by VM “ PM
NVN , VM¯ “ P¯M
NVN ,
and similarly for any OpD,Dq tensor, with the projectors (1.7) defined in the introduction.
The independent fluctuation field is hMN¯ , which in agreement with our notation satisfies
PN
KhMK¯ “ P¯M
KhKN¯ “ 0. Since this field carries projected indices, it encodes the D
2 degrees
of freedom corresponding to the metric and b-field fluctuations. It is easy to verify with (2.8)
that, to second order in fields, HMN satisfies the constraint HηH “ η. The higher order terms
in h not displayed in (2.8) are needed to satisfy this constraint to all orders, as we will discuss
in more detail later.
Applying the gauge transformations (2.1) to (2.8) one may determine the gauge transfor-
mations of the fluctuation field hMN¯ ,
δξhMN¯ “ 2pBM ξN¯ ´ BN¯ ξMq ` ξ
P BPhMN¯ `KM
KhKN¯ `KN¯
K¯hMK¯ , (2.9)
up to terms that are quadratic or of higher order in h. In the following we will use a notation,
where the number of fields entering the gauge transformations or the gauge algebra is indicated
in a square bracket r s. We thus write
δ
r0s
ξ hMN¯ “ 2pBM ξN¯ ´ BN¯ ξMq “ 2KMN¯ ,
δ
r1s
ξ hMN¯ “ ξ
P BPhMN¯ `KM
KhKN¯ `KN¯
K¯hMK¯ .
(2.10)
We also recall for later use the definition of the following linearized connections:
ΓM¯NK ” BNhKM¯ ´ BKhNM¯ , ΓMN¯K¯ ” BN¯hMK¯ ´ BK¯hMN¯ , (2.11)
which transform under the linearized gauge transformations as
δ
r0s
ξ ΓM¯NK “ ´2BM¯KNK , δ
r0s
ξ ΓMN¯K¯ “ 2BMKN¯K¯ . (2.12)
Next let us review closure of the gauge algebra in this perturbative scheme. Acting on the
fluctuation field, closure reads “
δξ1 , δξ2
‰
hMN¯ “ δξ12hMN¯ . (2.13)
This condition is trivial to zeroth order in fields, since the gauge variations δ
r0s
ξ are abelian. To
first order in fields, closure requires
δ
r0s
ξ1
`
δ
r1s
ξ2
hMN¯
˘
´ p1Ø 2q “ δ
r0s
ξ12,c
hMN¯ , (2.14)
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and it is instructive to verify this by a quick computation:
δ
r0s
ξ1
`
δ
r1s
ξ2
hMN¯
˘
´ p1Ø 2q “ 2
`
ξK2 BKK1MN¯ `K2M
KK1KN¯ `K2N¯
K¯K1MK¯
˘
´ p1Ø 2q
“ 2K12MN¯ “ δ
r0s
ξ12,c
hMN¯
(2.15)
using the antisymmetry in p1Ø 2q and the identity (2.5) in the second line.
After having reviewed the perturbative gauge structure of the two-derivative theory, let
us now turn to the first α1 correction. We will follow the convention that the order of α1 is
indicated in round parenthesis p q,
δξ “ δ
r0s
ξ ` δ
r1s
ξ ` α
1 δ
r1sp1q
ξ ` ¨ ¨ ¨ . (2.16)
When there is no explicit parenthesis the expression is to zeroth order in α1. For instance,
the C-bracket part can be written as ξ12,c ” ξ
r0sp0q
12 . We recall that in this paper we restrict
ourselves to the first α1 correction. In [15] it was shown that the first α1 correction of the gauge
transformations, linear in fields and hence corresponding to the cubic action, is given by
δ
r1sp1q
ξ hMN¯ “ a BMK
KL BKhLN¯ ´ b BN¯K
K¯L¯ BK¯hML¯ , (2.17)
or, in terms of the linearized connections (2.11),
δ
r1sp1q
ξ hMN¯ “
a
2
BMK
KL ΓN¯KL ´
b
2
BN¯K
K¯L¯ ΓMK¯L¯ , (2.18)
with two free parameters a, b, which in line with the notation of [15] we sometimes re-parameterize
as
a “ γ` ` γ´ , b “ γ` ´ γ´ . (2.19)
For a “ b “ 1 or γ` “ 1, γ´ “ 0 these gauge transformations follow from bosonic closed
string field theory [15], but the deformation of the gauge structure is consistent for arbitrary
parameters. Indeed, for γ` “ γ´ “ 1
2
the deformation corresponds to heterotic string theory,
while for γ` “ 0, γ´ “ 1 we obtain the α1 corrections of the HSZ theory [13].
Let us verify that the above gauge transformations are consistent by proving closure. Taking
into account in (2.13) terms to zeroth order in fields and first order in α1, the closure condition
reads
δ
r0s
ξ1
`
δ
r1sp1q
ξ2
hMN¯
˘
´ p1Ø 2q “ δ
r0s
ξ
r0sp1q
12
hMN¯ , (2.20)
where we allow for a deformation ξ
r0sp1q
12 of the gauge algebra, which is of first order in α
1 and
zeroth order in fields. In order to simplify the presentation it is convenient to use a notation in
which the antisymmetrization in p1Ø 2q is left implicit. Thus, in the remainder of this section
we leave out the term ´p1Ø 2q at the end of all equations. We then compute for the left-hand
side of (2.20), using (2.12) and (2.18),
δ
r0s
ξ1
`
δ
r1sp1q
ξ2
hMN¯
˘
“ ´a BMK
KL
2 BN¯K1KL ´ b BN¯K
K¯L¯
2 BMK1K¯L¯
“ BM
`
´ 1
2
aK
KL
2 BN¯K1KL ´
1
2
bK1K¯L¯ BN¯K
K¯L¯
2
˘
´ BN¯
`
´ 1
2
aK
KL
2 BMK1KL ´
1
2
bK1K¯L¯ BMK
K¯L¯
2
˘
” 2 BMξ
r0sp1q
12N¯
´ 2 B
N¯
ξ
r0sp1q
12M ,
(2.21)
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where we wrote out in the last step the desired right-hand side of (2.20). We infer that closure
holds for
ξ
r0sp1qM
12 “ ´
1
4
aK
KL
2 B
MK1KL `
1
4
bKK¯L¯2 B
MK1K¯L¯ . (2.22)
This concludes our review of first order perturbation theory in presence of the first α1 correction.
2.2 Gauge structure in second order perturbation theory
Our goal in this subsection is to extend the above results to second order perturbation theory,
i.e., to determine the gauge transformations including two fields, denoted in our above notation
as δ
r2sp1q
ξ hMN¯ . This corresponds to the quartic action around a flat background. While for
bosonic string theory in principle this could be derived from closed string field theory, such a
computation would be forbiddingly tedious, in addition to conceptual subtleties that arise in
string field theory beyond cubic level. Therefore, we will instead use a Noether construction, in
which we systematically determine the quadratic terms in the gauge transformations and the
linear terms in the gauge algebra by demanding closure. Note, in particular, that to this order
we see the first appearance of field-dependent structures in the gauge algebra. This determines
uniquely the gauge structure of second order perturbation theory, up to the same two free
parameters a, b discussed above. The dilaton will play no role in this discussion, and its gauge
transformation remains undeformed.
We begin by writing out the closure condition (2.13) to the desired order, which includes
all terms to first order in α1 and linear in h,
δ
r1s
ξ1
`
δ
r1sp1q
ξ2
hMN¯
˘
´ δ
r1sp1q
ξ2
`
δ
r1s
ξ1
hMN¯
˘
` δ
r0s
ξ1
`
δ
r2sp1q
ξ2
hMN¯
˘
´ p1Ø 2q
“
`
δ
r0s
ξ
r1sp1q
12
` δ
r1s
ξ
r0sp1q
12
` δ
r1sp1q
ξ12,c
˘
hMN¯ .
(2.23)
We reorder this equation as follows:
EMN¯ ” δ
r1s
ξ1
`
δ
r1sp1q
ξ2
hMN¯
˘
´ δ
r1sp1q
ξ2
`
δ
r1s
ξ1
hMN¯
˘
´ p1Ø 2q
´ δ
r1sp1q
ξ12,c
hMN¯ ´ δ
r1s
ξ
r0sp1q
12
hMN¯
“ δ
r0s
ξ
r1sp1q
12
hMN¯ ´ δ
r0s
ξ1
`
δ
r2sp1q
ξ2
hMN¯
˘
´ p1Ø 2q ,
(2.24)
which is now written so that the terms defining EMN¯ are all computable from the formulas of
the previous subsection. The Noether procedure is then to find a deformation of ξ12 to first
order in h and a deformation of δξ to second order in h so that in (2.24) the left-hand side
equals the right-hand side.
We compute for the first two terms on the left-hand side:
δ
r1s
ξ1
`
δ
r1sp1q
ξ2
hMN¯
˘
“ a BMK
KL
2 BK
`
ξP1 BPhLN¯ `K1L
PhPN¯ `K1N¯
P¯hLP¯
˘
´ b BN¯K
K¯L¯
2 BK¯
`
ξP1 BPhML¯ `K1M
PhPL¯ `K1L¯
P¯hMP¯
˘
,
(2.25)
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and
´δ
r1sp1q
ξ2
`
δ
r1s
ξ1
hMN¯
˘
“ ´ δ
r1sp1q
ξ2
`
ξP1 BPhMN¯ `K1M
PhPN¯ `K1N¯
P¯hMP¯
˘
“ ´ ξP1 BP
`
a BMK
KL
2 BKhLN¯ ´ b BN¯K
K¯L¯
2 BK¯hML¯
˘
´K1M
P
`
a BPK
KL
2 BKhLN¯ ´ b BN¯K
K¯L¯
2 BK¯hPL¯
˘
´K1N¯
P¯
`
a BMK
KL
2 BKhLP¯ ´ b BP¯K
K¯L¯
2 BK¯hML¯
˘
.
(2.26)
Various terms cancel between the two structures. Next, for the ξ12 terms on the left-hand side
of (2.24) we compute
´δ
r1sp1q
ξ12,c
hMN¯ “ ´a BMK
KL
12 BKhLN¯ ` b BN¯K
K¯L¯
12 BK¯hML¯
“ a
`
´ ξP2 BP BMK
KL
1 ´K2M
P BPK
KL
1 ´K
K
2 P BMK
PL
1 ´K2
L
P BMK
KP
1
˘
BKhLN¯
` b
`
ξP2 BP BN¯K
K¯L¯
1 `K2N¯
P BPK
K¯L¯
1 `K2
K¯
P BN¯K
PL¯
1 `K2
L¯
P BN¯K
K¯P
1
˘
BK¯hML¯ ,
(2.27)
where we used the identity (2.6). Moreover,
´ δ
r1s
ξ
r0sp1q
12
hMN¯ “ ´ξ
r0sp1qP
12 BPhMN¯ ´K
r0sp1q
12 M
KhKN¯ ´K
r0sp1q
12 N¯
K¯hMK¯ , (2.28)
for which we have to use that from (2.22)
K
r0sp1q
12 M
N “ ´1
2
a BMK
KL
2 B
NK1KL `
1
2
b BMK
K¯L¯
2 B
NK1K¯L¯ , (2.29)
while the transport term in (2.28) vanishes. This gives in total
´δ
r1s
ξ
r0sp1q
12
hMN¯ “
1
2
aBMK
PQ
2 B
KK1PQ hKN¯ ´
1
2
bBMK
P¯ Q¯
2 B
KK1P¯ Q¯ hKN¯
` 1
2
aBN¯K
PQ
2 B
K¯K1PQ hMK¯ ´
1
2
bBN¯K
P¯ Q¯
2 B
K¯K1P¯ Q¯ hMK¯ .
(2.30)
We can now collect all terms of the left-hand side of (2.24):
EMN¯ “ a BMK
KL
2 BKK1N¯
P¯ hLP¯ ´ b BN¯K
K¯L¯
2 BK¯K1M
P hPL¯
´ 1
2
b BMK
P¯ Q¯
2 B
KK1P¯ Q¯ hKN¯ `
1
2
a BN¯K
PQ
2 B
K¯K1PQ hMK¯
´ aK2M
P¯ BP¯K
KL
1 BKhLN¯ ` bK2N¯
P BPK
K¯L¯
1 BK¯hML¯
` a BMK
KP¯
2 K1
L
P¯ ΓN¯KL ´ b BN¯K
PK¯
2 K1P
L¯ ΓMK¯L¯
` a BMK
KL
2 K1K
P¯ BP¯hLN¯ ´ b BN¯K
K¯L¯
2 K1K¯
P BPhML¯ ,
(2.31)
where we used the linearized connections (2.11) to simplify some terms. Moreover, the terms
were organized into those with bare h in the first two lines and with Bh in the final three lines.
Our next challenge is to write EMN¯ as a total δ
r0s variation of the unknown δr2sp1qh and
as a ‘curl’ in BM and BN¯ , corresponding to the deformation of the gauge algebra. A direct
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computation shows that various terms can be combined into a total variation, and we find
EMN¯ “ δ
r0s
ξ2
`
´ 1
2
ahM
P¯BP¯K
KL
1 BKhLN¯ ´
1
2
b hP N¯ BPK
K¯L¯
1 BK¯hML¯
´ 1
2
a BMK
KL
1 hK
P¯ BP¯hLN¯ ´
1
2
b BN¯K
K¯L¯
1 h
P
K¯ BPhML¯
˘
` a BMK
KL
2 BN¯K1K
P¯hLP¯ ` b BN¯K
K¯L¯
2 BMK1
P
K¯ hPL¯
` a BMK
KP¯
2 K1
L
P¯ ΓN¯KL ´ b BN¯K
PK¯
2 K1P
L¯ ΓMK¯L¯ .
(2.32)
We will now show that the remaining terms in the third and fourth line can be interpreted
as a field-dependent deformation of the gauge algebra, up to further terms in δr2sp1qh. To this
end it is convenient to start with an ansatz for the gauge algebra that follows from the cubic
algebra determined in [15], as reviewed in the previous subsection, by promoting the background
generalized metric to a full generalized metric, writing
ξ1M12 “
1
4
H
KLK2K
P BMK1LP ´ p1Ø 2q . (2.33)
Using the expansion (2.8) we can read off the order h terms for the bosonic string, i.e., for
a “ b “ 1. Moreover, we should expect terms including Bh. All in all, we use
ξ
Mr1sp1q
12 “
1
4
ahKL¯K2K
P BMK1L¯P `
1
4
b hKL¯K2K
P¯ BMK1L¯P¯
` 1
4
ahLK¯K2K¯
P BMK1LP `
1
4
b hLK¯K2K¯
P¯BMK1LP¯
´ 1
4
a BMhKL¯K2K
PK1L¯P `
1
4
b BMhKL¯K2K
P¯K1L¯P¯ ,
(2.34)
where we restored arbitrary parameters a, b and set the coefficients in the last line to the values
that momentarily will be fixed by the closure computation. Computing δ
r0s
ξ
r1sp1q
12
h with this ansatz
and using (2.32) we find
EMN¯ “ δ
r0s
ξ2
`
´ 1
2
ahM
P¯ BP¯K
KL
1 BKhLN¯ ´
1
2
b hP N¯ BPK
K¯L¯
1 BK¯hML¯
´ 1
2
a BMK
KL
1 hK
P¯ BP¯hLN¯ ´
1
2
b BN¯K
K¯L¯
1 h
P
K¯ BPhML¯
´ 1
2
a BMK
KP¯
1 h
L
P¯ ΓN¯KL `
1
2
b BN¯K
PK¯
1 hP
L¯ ΓMK¯L¯
˘
` δ
r0s
ξ
r1sp1q
12
hMN¯
´ BMh
KL¯
´
aK2K
PBN¯K1L¯P ` bK2L¯
P¯BN¯K1KP¯
¯
` BN¯h
KL¯
´
aK2K
P BMK1L¯P ` bK2L¯
P¯BMK1KP¯
¯
.
(2.35)
The final two lines are also rewritable as total δr0s variations:
EMN¯ “ δ
r0s
ξ2
`
´ 1
2
ahM
P¯ BP¯K
KL
1 BKhLN¯ ´
1
2
b hP N¯ BPK
K¯L¯
1 BK¯hML¯
´ 1
2
a BMK
KL
1 hK
P¯ BP¯hLN¯ ´
1
2
b BN¯K
K¯L¯
1 h
P
K¯ BPhML¯
´ 1
2
a BMK
KP¯
1 h
L
P¯ ΓN¯KL `
1
2
b BN¯K
PK¯
1 hP
L¯ ΓMK¯L¯
˘
` δ
r0s
ξ
r1sp1q
12
hMN¯
` δ
r0s
ξ2
`
´ a
2
BMh
P
K¯ BN¯h
QK¯K1PQ `
b
2
BMhK
P¯ BN¯h
KQ¯K1P¯ Q¯
˘
,
(2.36)
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as one may verify by a direct computation. Thus, we have succeeded in rewriting EMN¯ as
a total δr0s variation and a modification of the gauge algebra, where we recall again the the
p1Ø 2q antisymmetrization is left implicit.
Summarizing, we have established closure for
δ
r2sp1q
ξ hMN¯ “ ´
1
4
ahM
P¯ BP¯K
KL ΓN¯KL ´
1
4
b hP N¯ BPK
K¯L¯ ΓMK¯L¯
´ 1
2
a BMK
KL hK
P¯ BP¯hLN¯ ´
1
2
b BN¯K
K¯L¯ hP K¯ BPhML¯
´ 1
2
a BMK
KP¯ hLP¯ ΓN¯KL `
1
2
b BN¯K
PK¯ hP
L¯ ΓMK¯L¯
´ 1
2
a BMh
P
K¯ BN¯h
QK¯KPQ `
1
2
b BMhK
P¯ BN¯h
KQ¯KP¯ Q¯ ,
(2.37)
using the linearized connections (2.11), with the following modification of the gauge algebra
ξ
Mr1sp1q
12 “
1
4
ahKL¯K2K
P BMK1L¯P `
1
4
b hKL¯K2K
P¯ BMK1L¯P¯
` 1
4
ahLK¯K2K¯
P BMK1LP `
1
4
b hLK¯K2K¯
P¯BMK1LP¯
´ 1
4
a BMhKL¯K2K
PK1L¯P `
1
4
b BMhKL¯K2K
P¯K1L¯P¯ .
(2.38)
We have thus shown that the gauge structure can be extended to second order in perturbation
theory of arbitrary choices for the parameters a, b. For our discussion in the next subsection,
we need the special case a “ b “ 1 corresponding to bosonic string theory:
ξ
Mr1sp1q
12 “
1
4
hKL¯K2K
PBMK1L¯P `
1
4
hLK¯K2K¯
P BMK1LP
´ 1
4
BMhKL¯K2K
PK1L¯P `
1
4
BMhKL¯K2K
P¯K1L¯P¯ ,
(2.39)
where in the first line we combined terms with summations over projected indices into terms
with summation over unprojected indices.
It should be emphasized that the above expression for the gauge algebra is only well-defined
up to parameter redefinitions and the addition of trivial parameters of the form ξM “ BMχ,
as these do not affect the gauge transformations. Therefore, it is not yet evident that the
above field-dependent deformation of the algebra is non-trivial and cannot be removed by such
redefinitions. Indeed, for the special case a “ ´b the algebra (2.38) is equivalent to the field-
independent gauge algebra of the HSZ theory constructed in [13]. In contrast, for a “ b the
above deformation is not removable, as will be confirmed in subsequent sections. The expression
(2.39) is such that it can be promoted to a background independent candidate formula in terms
of the generalized metric, to which we turn in the next subsection.
2.3 Candidate gauge algebra in terms of generalized metric
We now aim to constrain the gauge structure of a putative background independent generalized
metric formulation of bosonic string theory to first order in α1, using the above perturbative
results. Given that the gauge algebra is intrinsically field dependent (in the sense that the
field dependence cannot be removed by parameter redefinitions and/or the addition of trivial
parameters), it follows that the gauge algebra for a generalized metric formulation must be field
12
dependent, too. We will show that there is a unique expression that is compatible with the
above result (2.39).
To this end, let us discuss the expansion of a generalized metric around a constant back-
ground in a little more detail than in (2.8). Specifically, including higher order terms in the
expansion, we have
HMN “ H¯MN ` hMN¯ ` hNM¯ ´
1
2
hKM¯ hKN¯ `
1
2
hM
K¯ hNK¯
´ 1
8
hKM¯ hK
L¯ hP L¯ hPN¯ `
1
8
hM
K¯ hLK¯ hL
P¯ hNP¯ ` Oph
6q ,
(2.40)
in terms of the independent fluctuation hMN¯ . This expansion is such that the generalized metric
satisfies the constraints HM
KHKN “ ηMN and η
MNHMN “ 0. Note that there are no cubic or
quintic terms and that all higher-order terms in h carry the ‘diagonal’ index projections MN
or M¯N¯ . Without loss of generality, this can be assumed for the complete series expansion.
Indeed, if we had a term of odd power in h, it is easy to see that it would have the index
structure MN¯ or NM¯ and hence be removable by a field redefinition of hMN¯ . However, below
we will encounter field variables that are such redefinitions of hMN¯ .
This observation also implies that there is no subtlety when translating the closure condition
on the full HMN , which has an infinite series expansion, to the closure condition on hMN¯ .
Indeed, contracting (2.40) with the constant background projectors P and P¯ , we obtain
hMN¯ “ PM
K P¯N
L
HKL . (2.41)
Thus, the closure condition rδξ1 , δξ2sHMN “ δξ12HMN immediately yields the closure condition
on the fluctuation field, rδξ1 , δξ2 shMN¯ “ δξ12hMN¯ .
Our goal is now to find a candidate expression for the gauge algebra in terms of H that
reduces to the perturbative result (2.39) upon expanding according to (2.40). For the terms
of the structural form hKBK there is nothing left to do, for these terms have already been
obtained from the background independent (2.33). For the terms of the form BhK2K1 the
following structure reproduces the right terms:
HKR B
MHRLHPQK2KP K1LQ “ pP¯ ´ P q
K
R B
M phRL¯ ` hLR¯qpP¯ ´ P qPQK2KP K1LQ
“ pBMhLK¯ ´ BMhKL¯qpK2K
P¯ K1LP¯ ´K2K
P K1LP q
“ ´ 2 BMhKL¯K2K
P¯ K1L¯P¯ ` 2 B
MhKL¯K2K
P K1L¯P ,
(2.42)
where we used the (implicit) antisymmetry in p1 Ø 2q. Comparing with (2.39) and recalling
(2.33) we conclude that the following expression is compatible with the perturbative gauge
algebra,
ξ
p1qM
12 “
1
4
H
KLK2K
P BMK1LP ´
1
8
H
K
R B
M
H
RL
H
PQK2KP K1LQ ´ p1Ø 2q . (2.43)
We close this section by arguing that this is the unique expression consistent with the
perturbative gauge structure. First note that the expressions here are such that ‘integrating
by parts’ with BM , using the freedom of adding trivial parameters of the form BMχ, does not
allow us to change the form of the algebra. This follows from the antisymmetry in p1Ø 2q and
the constraint on H. Thus, the above is the unique writing of these algebra terms.
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Could one add further terms to (2.43) that do not contribute to second order perturbation
theory but that may be relevant to yet higher order? To address this question, let us state our
assumptions more explicitly: First, we recall that the gauge transformations of the dilaton did
not receive α1 corrections to first and second order in perturbation theory and that the gauge
algebra is independent of the dilaton. Moreover, the same holds in the exact construction
of [13]. We hence assume that the dilaton gauge transformations remain undeformed and
that the gauge algebra does not depend on the dilaton to all orders, which will be confirmed
independently in later sections. This then implies that the expression for ξM12 must carry the free
index on a derivative, so that the undeformed dilaton gauge transformation (2.7) is consistent
with a deformed gauge algebra by the strong constraint. Similarly, we assume that the form
of the trivial parameter is not α1-corrected and thus still of the form ξM “ BMχ. We therefore
demand that the gauge algebra expression vanishes when ξ1 and ξ2 are trivial in this sense.
This is satisfied if that expression is written in terms of KMN pξ1,2q “ 2BrM ξ1,2Ns.
3
To classify such terms it is helpful to recall that the bosonic string has the Z2 symmetry
sending b to ´b. As reviewed in [15], this symmetry is realized in OpD,Dq invariant expressions
iff the number of η used to contract indices is even. The terms in (2.43), which have one H and
three H, are Z2 even, and it is easy to see by inspection that they are the unique Z2 invariant
structures with these numbers of H. Could we write a term with five H? Such a structure
would take the schematic form
ξM12 „ H
‚‚ H‚‚ H‚‚ H‚‚ BMH‚‚K2‚‚K1‚‚ . (2.44)
Let us first verify that this ansatz is Z2 even. TheK2K1 term is Z2 even, and we need to contract
four lower and ten upper indices, which requires three η. Together with the single η contained
in BM , this indeed leads to a Z2 even term. Note that a single term of the structural form (2.44)
would contribute to first order in fields and thus be inconsistent with the perturbative results,
but one might imagine that there is a linear combination of several such terms that do not
contribute to first order. However, it is easy to see that no term of the above structure exists.
We first note that we cannot write a term with contracted indices on two bare H, because by
the constraint on H that would give a Kronecker delta, reducing to the previous case of three H.
It is impossible, however, to write a term without such a contraction, because even contracting
the two indices on BMH‚‚ with two indices on bare H, we still have six indices left on bare H
fields that can only be contracted with the four indices on K2K1. Similarly, it is easy to see
that an algebra ansatz with the derivative on one of the K factors does not exist. We conclude
that there are no further terms that we could add to the gauge algebra, and therefore (2.43) is
the unique candidate expression for the full background independent gauge algebra in terms of
the generalized metric.
3Strictly speaking, by the strong constraint this condition is also satisfied for an algebra expression containing
a bare gauge parameter in the form ξN1,2BN . The perturbative Noether procedure makes it fairly clear, however,
that bare gauge parameters do not arise at order α1. Therefore, we will assume that the gauge algebra does not
contain bare gauge parameters. Again, this will be confirmed independently by the results in sec. 4.
3 No-go theorem for generalized metric formulation of bosonic
string theory
In this section we prove that the unique candidate expression for the gauge algebra does not
in fact define a consistent gauge algebra to first order in α1.4 To this end we prove that the
expression is not compatible with the Jacobi identity for the putative gauge variations δξ. This
is a necessary consistency condition that, as we will see, can be tested using only the gauge
transformations to zeroth order in α1.
3.1 Consistency conditions from Jacobi identity
We begin by deriving consistency conditions from the Jacobi identity for the gauge variations.
Consider fields φi subject to a gauge symmetry parameterized by ξ,
δξφi “ Ripξ|φq , (3.1)
where Ri is linear in ξ. We assume off-shell closure,
5 so that“
δξ1 , δξ2
‰
“ δF pξ1,ξ2;φq , (3.2)
for some function F that is antisymmetric in its first two arguments and that we allow to be
field-dependent. Writing out the variations on the left-hand-side, this implies
δRipξ2|φq
δφk
Rkpξ1|φq ´
δRipξ1|φq
δφk
Rkpξ2|φq “ RipF pξ1, ξ2;φq|φq . (3.3)
Any infinitesimal symmetry variations must satisfy the Jacobi identity,ÿ
cyclic
“
δξ1 ,
“
δξ2 , δξ3
‰ ‰
“ 0 , (3.4)
which yields immediately with (3.2),ÿ
cyclic
“
δξ1 , δF pξ2,ξ3;φq
‰
“ 0 . (3.5)
Let us work out this commutator, using the linearity of Ri in its first argument,“
δξ1 , δF pξ2,ξ3;φq
‰
φi “ δξ1RipF pξ2, ξ3;φq|φq ´ δF pξ2,ξ3;φqRipξ1|φq
“ Ripδξ1F pξ2, ξ3;φq|φq `
δRipF pξ2, ξ3;φq|φq
δφk
Rkpξ1|φq ´
δRipξ1|φq
δφk
RkpF pξ2, ξ3;φq|φq
“ Ripδξ1F pξ2, ξ3;φq|φq `RipF pξ1, F pξ2, ξ3;φq;φq|φq ,
(3.6)
where we used (3.3) in the last step. Introducing the notation δξ “ δpξq for better readability,
we have thus shown:“
δξ1 , δF pξ2,ξ3;φq
‰
“ δpδξ1F pξ2, ξ3;φq ` F pξ1, F pξ2, ξ3;φq;φqq . (3.7)
4The results of this section were partly obtained in collaboration with Ashoke Sen and Barton Zwiebach.
5This is sufficient for the discussion in this paper, because if we had a generalized metric formulation with
only on-shell closure, this would imply only on-shell closure for the perturbative transformations, in contradiction
with the off-shell closure found in sec. 2.
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With (3.5) it follows that under the cyclic sum the effective gauge parameter appearing here
must act trivially on fields, i.e.,ÿ
cyclic
δξ1F pξ2, ξ3;φq ` F pξ1, F pξ2, ξ3;φq;φq “ trivial gauge parameter . (3.8)
This is a necessary consistency condition for any field-dependent gauge algebra F pξ1, ξ2, φq.
Next, we specialize this condition to the generalized metric expression and perform an α1
expansion (recalling our notation that round parenthesis indicate the powers in α1),
Jpξ1, ξ2, ξ3q ”
ÿ
cycl
δ
p0q
ξ1
F p1qpξ2, ξ3;Hq ` F
p0qpξ1, F
p1qpξ2, ξ3;Hqq ` F
p1qpξ1, F
p0qpξ2, ξ3q;Hq
“ trivial gauge parameter ,
(3.9)
where we used that F p0q is field independent and hence does not transform under gauge trans-
formations. We also recall that a trivial parameter is still a total BM derivative. Note that the
Jacobiator can be computed from the candidate expression F for the gauge algebra, using only
the gauge transformations to zeroth order in α1.
3.2 Proof that the Jacobiator is non-trivial
We now compute the Jacobiator (3.9) for the unique candidate expression (2.43) for the gauge
algebra and show that it is non-trivial. Recalling also the zeroth-order C-bracket part we have
F p0qpξ1, ξ2q
M “
“
ξ2, ξ1
‰M
c
,
F p1qpξ1, ξ2;Hq
M “ 1
4
HKLK2K
P BMK1LP
´ 1
8
H
K
R B
M
H
RL
H
PQK2KP K1LQ ´ p1Ø 2q .
(3.10)
It is convenient to organize the computation in terms of ‘covariant’ contributions given by the
generalized Lie derivative Lξ, plus additional ‘non-covariant’ terms. One uses, for instance,
that the gauge transformation of BH reads
δ
p0q
ξ pBMHKLq “ LξpBMHKLq ` BMKK
P
HPL ` BMKL
P
HKP , (3.11)
as can be quickly verified with (2.1). We can then compute the first term on the r.h.s. of (3.9),
leaving here and in the rest of this section the cyclic sum implicit,
δ
p0q
ξ1
F p1qpξ2, ξ3;Hq
M “ 1
2
pLξ1H
KLqK3K
PBMK2LP ´
1
4
Lξ1pH
K
R B
M
H
RL
H
PQqK3KP K2LQ
` 1
4
BMKKL1 H
PQK3KP K2LQ ´
1
4
H
KR
H
LSBMK1RS H
PQK3KP K2LQ ,
(3.12)
where the terms in the second line come from the non-covariant variation of BH and we used
the constraint on H. Using the cyclic sum and relabeling indices, this can be rewritten as
δ
p0q
ξ1
F p1qpξ2, ξ3;Hq
M “ 1
2
pLξ1H
KLqK3K
PBMK2LP ´
1
4
Lξ1pH
K
R B
MHRLHPQqK3KP K2LQ
` 1
4
H
KL BMKPQ3 K2KP K1LQ ´
1
12
H
KR
H
LS
H
PQBM
`
K1RS K2LQK3KP
˘
.
(3.13)
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Next, we compute the second term on the r.h.s. of (3.9),
F p0qpξ1, F
p1qpξ2, ξ3;Hqq
M “ ´
“
ξ1, F
p1qpξ2, ξ3;Hq
‰M
C
“ ´Lξ1F
p1qpξ2, ξ3;Hq
M ` 1
2
BM
`
ξN1 F
p1qpξ2, ξ3;HqN
˘
,
(3.14)
using the relation (2.4) between the C-bracket and the generalized Lie derivative. Note that
this relation holds for arbitrary F p1q. Finally, for the third term in (3.9) we compute
F p1q
`
ξ1, F
p0q
`
ξ2, ξ3
˘
;H
˘
“ 1
4
H
KLKprξ3, ξ2sCqK
P BMK1LP
´ 1
4
HKLK1K
P BMKprξ3, ξ2sCqLP ´
1
4
HKR B
MHLRHPQKprξ3, ξ2sCqKPK1LQ ,
(3.15)
using in the second line that the BH part of F p1q is automatically antisymmetric in its two
arguments. Next we use the two relations (2.5), (2.6), which also imply
Kprξ3, ξ2scqK
P “ Lξ3K2K
P `K2K
QK3Q
P ´ p2Ø 3q , (3.16)
to find after a short computation
F p1q
`
ξ1, F
p0q
`
ξ2, ξ3
˘
;H
˘
“ 1
2
HKLLξ3pK2K
P BMK1LP q ´
1
2
HKLK
PQ
3 K2KQ B
MK1LP
´ 1
4
HKR B
MHLRHPQLξ3
`
K2KPK1LQ
˘
` 1
2
H
K
R B
M
H
LR
H
PQK3P
SK2KSK1LQ .
(3.17)
Combining this with (3.13), the generalized Lie derivative terms add up to the Lie derivative
of F p1q, and we obtain
δ
p0q
ξ1
F p1qpξ2, ξ3;Hq
M ` F p1q
`
ξ1, F
p0q
`
ξ2, ξ3
˘
;H
˘
“ Lξ1F
p1qpξ2, ξ3;Hq
M ` 1
4
HKL BMKPQ3 K2KP K1LQ
´ 1
12
H
KR
H
LS
H
PQBM
`
K1RS K2LQK3KP
˘
´ 1
2
HKLK
PQ
3 K2KQ B
MK1LP `
1
2
HKR B
MHLRHPQK3P
SK2KSK1LQ .
(3.18)
Finally, combining this with (3.14), the generalized Lie derivatives cancel, and we get for the
Jacobiator
JM “ 1
2
BM
`
ξN1 F
p1qpξ2, ξ3;HqN
˘
` 1
4
H
KL BM
`
K3
PQK2KPK1LQ
˘
´ 1
12
H
KR
H
LS
H
PQ BM
`
K1RS K2LQK3KP
˘
` 1
2
HKR B
MHLRHPQK3P
SK2KSK1LQ ,
(3.19)
where we used that the KKBK structures combine into a total derivative under the cyclic sum.
It is convenient to slightly rewrite this result by using the freedom to add trivial parameters
and hence ‘integrating by parts’,
JM “ BM
`
1
2
ξN1 F
p1qpξ2, ξ3;HqN `
1
4
HKLK3
PQK2KPK1LQ
´ 1
12
H
KR
H
LS
H
PQK1RS K2LQK3KP
˘
´ 1
4
BMHKLK3
PQK2KPK1LQ `
1
4
BMHKRHLSHPQK1RS K2LQK3KP
` 1
2
H
K
R B
M
H
LR
H
PQK3P
SK2KSK1LQ .
(3.20)
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The terms in the first and second line are total derivatives and hence trivial parameters, but
the terms in the third and fourth line are not. Indeed, these terms are not secretly zero as can
be confirmed by expanding around a background to first order in h, which yields
JM “ ´2 BMhKL¯K
P¯ Q
3 K2KP¯ K1L¯Q `Oph
2q , (3.21)
where we dropped the trivial total derivative terms. Therefore, the Jacobi identity on fields is
not satisfied and the candidate expression F does not define a consistent gauge algebra. Since
this was the unique expression for the gauge algebra in terms of the generalized metric that is
consistent with the known perturbative result for bosonic string theory, it follows that there is
no pure generalized metric formulation for the bosonic string, as we wanted to prove.
It is reassuring to verify that the above no-go result is consistent with the result in second
order perturbation theory established above. Since the candidate expression for the gauge
algebra to that order agrees with the gauge algebra that was found with the Noether procedure
and hence must be consistent, the failure of the Jacobi identity can only show up to third order
in perturbation theory. To second order in perturbation theory, in the Jacobiator only the field
independent terms enter. Such terms originate from the terms in the first and second line of
(3.20), upon keeping only constant background structures, and these terms are indeed trivial.
In contrast, the terms in the third and fourth line all have H under the derivative, and so only
enter to order h, corresponding to the Jacobiator to third order in perturbation theory.
4 Background independent frame formulation
In the previous section we have proved that a generalized metric formulation cannot give a
background independent description of the general α1 corrections in string theory. In this section
it is shown that a frame formulation found by Marques and Nunez, which we clarify and slightly
generalize to allow for deformed GLpDq ˆGLpDq frame transformations, provides the general
background independent formulation to first order in α1. After reviewing the conventional
frame formalism to zeroth order in α1, in the first subsection we give a self-contained discussion
of the α1-deformed frame formalism. In the second subsection we discuss the perturbation
theory around flat backgrounds and show that it produces precisely, up to trivial parameter
and field redefinitions, the results of second-order perturbation theory obtained above. As a
consistency check we verify in the final subsection that the Jacobiator is consistent to third
order in perturbation theory, showing explicitly that the obstacle found for the gauge algebra
in terms of the generalized metric is circumvented in the frame formulation.
4.1 α1-deformed GLpDq ˆGLpDq frame formulation
We begin by reviewing the frame formalism with GLpDq ˆGLpDq local frame transformations
to zeroth order in α1 as developed by Siegel in [8] and related to the original DFT in [12]. (See
also [33–36] for further investigations of the geometry of DFT.) The basic fields are the dilaton
density and the frame field EA
M , which is a vector under generalized diffeomorphisms, as in
(2.1), and transforms under local frame transformations,
δΛEA
M “ ΛA
BEB
M . (4.1)
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Here the flat index splits as A “ pa, a¯q, where unbarred indices refer to the left GLpDq and
barred indices refer to the right GLpDq. Accordingly, the matrix ΛA
B is block-diagonal, with
entries Λa
b and Λa¯
b¯. The frame field is subject to the constraint that the tangent space metric,
which is used to raise and lower flat indices and obtained by flattening the indices of theOpD,Dq
metric, is block-diagonal:
GAB ” EA
M EB
N ηMN “
˜
Gab 0
0 Ga¯b¯
¸
. (4.2)
This is a GLpDq ˆGLpDq covariant constraint.
Next, let us briefly review the generalized connections for the local frame transformations.
Working with the flattened partial derivative
DA ” EA
MBM , (4.3)
we may define covariant derivatives acting, say, on a vector,
∇AVB “ DAVB ` ωAB
CVC , ∇AV
B “ DAV
B ´ ωAC
BV C , (4.4)
with the generalized spin connection components ωAB
C transforming as
δΛωAB
C “ ´∇AΛB
C ` ΛA
D ωDB
C . (4.5)
Not all connections can be determined in terms of the frame field and dilaton upon imposing
covariant constraints. However, for our purposes here we only need to consider the following
connection components
ωab¯
c¯ “ ´Ωab¯
c¯ , ωa¯b
c “ ´Ωa¯b
c , (4.6)
which are uniquely determined in terms of the generalized coefficients of anholonomy, defined
by “
EA, EB
‰M
c
” ΩAB
CEC
M , (4.7)
where the C-bracket (2.3) is evaluated for the frame field viewed as a generalized vector.
We now turn to the α1-deformed gauge transformations. In this we will generalize the con-
struction in [16] by enlarging the local frame transformations from a doubled local Lorentz
group to a local GLpDq ˆGLpDq symmetry. The generalized diffeomorphisms are undeformed
and given by generalized Lie derivatives as in (2.1), but the local frame transformations are
deformed. They take the same form as (4.1), but with the off-diagonal entries of the transforma-
tion matrix being non-zero, expressed in terms of higher derivatives of the diagonal components,
ΛA
B “
˜
Λa
b Σa
b¯pΛ, Eq
Σa¯
bpΛ, Eq Λa¯
b¯
¸
, (4.8)
where Σ is defined in terms of derivatives of the gauge parameters Λa
b and Λa¯
b¯ and the gener-
alized connections (4.6):
Σa
b¯ ” ´Σb¯a ”
a
2
DaΛc
d ωb¯d
c ` b
2
Db¯Λc¯
d¯ ωad¯
c¯ , (4.9)
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and flat indices are still raised and lowered with the tangent space metric (4.2). An important
consistency condition is that the frame transformations of GAB are undeformed, which is guar-
anteed due to Σab¯`Σb¯a “ 0. Thus, it is still consistent to impose Gab¯ “ 0. Also note that these
deformed transformations can be viewed as a generalization of the transformations required
by the Green-Schwarz mechanism in that also here the local ‘Lorentz’ transformations receive
higher-derivative terms involving the Lorentz connections. In this paper we will not attempt
to construct an invariant action, which would generalize the action given in [16], as the gauge
structure is already sufficient for our present purposes.
Next, let us prove closure of these deformed frame transformations, which curiously requires
a deformation both of the (generalized) diffeomorphism algebra and of the GLpDq ˆ GLpDq
algebra. To this end we need to use (4.5) to compute the local frame transformation of Σa
b¯.
Setting momentarily b “ 0 for simplicity, we have
δ
p0q
Λ1
Σa
b¯pΛ2, Eq ´ p1Ø 2q “
a
2
Λ1a
eDeΛ2c
d ωb¯d
c
` a
2
DaΛ2c
d
`
´Db¯Λ1d
c ´ Λ1e¯
b¯ ωe¯d
c ` Λ1d
e ωb¯e
c ´ Λ1e
c ωb¯d
e
˘
´ p1Ø 2q .
(4.10)
Using the antisymmetry in p1 Ø 2q it is easy to see that the final two terms in the last line
can be combined into one, then including the total derivative DapΛ2Λ1q. We can thus write the
result as
δ
p0q
Λ1
Σa
b¯pΛ2, Eq ´ p1Ø 2q “ Λ1a
eΣe
b¯pΛ2, Eq ´ Λ1e¯
b¯ Σa
e¯pΛ2, Eq ` Σa
b¯pΛ2Λ1, Eq
´ a
2
DaΛ2c
dDb¯Λ1d
c ´ b
2
Db¯Λ2c¯
d¯DaΛ1d¯
c¯ ´ p1Ø 2q ,
(4.11)
where we reintroduced an arbitrary parameter b, for which the computation proceeds in com-
plete parallel. We can now work out the closure condition to first order in α1 on, say, Ea
M :“
δΛ1 , δΛ2
‰
Ea
M “ δΛ1
`
Λ2a
bEb
M ` Σa
b¯pΛ2, EqEb¯
M
˘
´ p1Ø 2q
“ Λ2a
b
`
Λ1b
cEc
M ` Σb
e¯pΛ1, EqEe¯
M
˘
` δ
p0q
Λ1
Σa
b¯pΛ2, EqEb¯
M ` Σa
b¯pΛ2, EqΛ1b¯
e¯Ee¯
M ´ p1Ø 2q
“ rΛ2,Λ1sa
bEb
M ` Σa
b¯prΛ2,Λ1s, EqEb¯
M
´ a
2
DaΛ2c
dDb¯Λ1d
cEb¯
M ` b
2
DaΛ2c¯
d¯Db¯Λ1d¯
c¯Eb¯
M ´ p1Ø 2q .
(4.12)
Here we used (4.11). Specifically, the terms in the first line of (4.11) were needed to produce
the desired local frame transformation with parameter Λ12 ” rΛ2,Λ1s, while the terms in the
second line yielded the extra contribution in the last line of (4.12). Moreover, we ignored the
order α1 variation of Σ as such terms are of order α1 2.
In order to establish closure we have to show that the remaining terms in the last line of
(4.12) can be interpreted as a deformation of the GLpDqˆGLpDq algebra and/or the generalized
diffeomorphism algebra. Indeed, for the following α1 correction of the diffeomorphism algebra
ξ
p1qM
12 “
a
4
Λ2c
d BMΛ1d
c ´ b
4
Λ2c¯
d¯ BMΛ1d¯
c¯ ´ p1Ø 2q , (4.13)
and the following α1 correction of the GLpDq ˆGLpDq algebra
Λ
p1q
12a
b “ a
2
DaΛ2c
d
D
bΛ1d
c ´ b
2
DaΛ2c¯
d¯
D
bΛ1d¯
c¯ ´ p1Ø 2q ,
Λ
p1q
12a¯
b¯ “ a
2
Da¯Λ2c
d
D
b¯Λ1d
c ´ b
2
Da¯Λ2c¯
d¯
D
b¯Λ1d¯
c¯ ´ p1Ø 2q ,
(4.14)
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the terms in the second line of (4.12) are reproduced. To verify this, we compute
δ
ξ
p1q
12
Ea
M “
`
BM ξ
p1q
12N ´ BN ξ
p1qM
12
˘
Ea
N
“
`
a
2
BMΛ2c
d BNΛ1d
c ´ b
2
BMΛ2c¯
d¯ BNΛ1d¯
c¯
˘
Ea
N ´ p1Ø 2q
“ a
2
BMΛ2c
d
DaΛ1d
c ´ b
2
BMΛ2c¯
d¯
DaΛ1d¯
c¯ ´ p1Ø 2q
“
`
a
2
D
BΛ2c
d
DaΛ1d
c ´ b
2
D
BΛ2c¯
d¯
DaΛ1d¯
c¯
˘
EB
M ´ p1Ø 2q ,
(4.15)
where we used that the generalized Lie derivative does not yield a transport term since in (4.13)
the free index is carried by a derivative. For the frame transformation of (4.14) we have
δ
Λ
p1q
12
Ea
M “ Λ
p1q
12a
bEb
M “
`
a
2
DaΛ2c
d
D
bΛ1d
c ´ b
2
DaΛ2c¯
d¯
D
bΛ1d¯
c¯
˘
Eb
M ´ p1Ø 2q . (4.16)
It is straightforward to see that the sum of (4.15) and (4.16) yields precisely the terms in the
last line of (4.12). This proves closure of the frame transformations on Ea
M , while closure
on Ea¯
M follows similarly. Summarizing, we have proved closure of the frame transformations
according to “
δΛ1 , δΛ2
‰
“ δΛ12 ` δξp1q
12
, where Λ12 “
“
Λ2,Λ1
‰
` Λ
p1q
12 , (4.17)
with the α1 corrected gauge algebras (4.13) and (4.14).
Finally, let us compute the mixed commutator between local frame transformations and
generalized diffeomorphisms. To this end it is convenient to first establish
δξΣa
b¯pΛ, Eq “ LξΣa
b¯pΛ, Eq ´ Σa
b¯pξNBNΛ, Eq . (4.18)
This follows from (4.9) by using that the spin connections transform as scalars under diffeo-
morphisms. We also recall that in such closure computations gauge parameters like Λ are not
to be varied. Closure can now be verified by a quick computation:“
δξ, δΛ
‰
Ea
M “ δξ
`
Λa
bEb
M ` Σa
b¯pΛ, EqEb¯
M
˘
´ δΛ
`
LξEa
M
˘
“ Λa
bLξEb
M ` Lξ
`
Σa
b¯pΛ, EqEb¯
M
˘
´ Σa
b¯pξNBNΛ, EqEb¯
M
´ Lξ
`
Λa
bEb
M ` Σa
b¯pΛ, EqEb¯
M
˘
“ ´ ξNBNΛa
bEb
M ` Σa
b¯p´ξNBNΛ, Eq .
(4.19)
The last line equals an α1-deformed frame transformation. We have thus established closure
and shown that this part of the algebra is undeformed:“
δξ, δΛ
‰
Ea
M “ δΛ1Ea
M , Λ1a
b “ ´ξNBNΛa
b , (4.20)
and analogously for Ea¯
M .
4.2 Second order perturbation theory around flat backgrounds
We now develop the perturbation theory around constant backgrounds, following the original
treatment given in [8] and investigated in [27, 28], but including the α1-deformation discussed
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above. In principle, the extension to curved backgrounds is straightforward, as in [28], but for
our present purposes it is sufficient to restrict to flat backgrounds. The constant background
frame is denoted by E¯A
M and we expand the full frame field as
EA
M “ E¯A
M ´ hA
BE¯B
M , (4.21)
introducing the fluctuation h with flat indices. This expansion is taken to be exact.
Let us first briefly discuss the gauge symmetries in this perturbative framework, as de-
tailed in [8, 27, 28] to zeroth order in α1. The generalized diffeomorphisms and local frame
transformations act on the fluctuation field as
δhAB “ KAB ` ξ
CDChAB `KB
ChAC ´ ΛAB ` ΛA
ChCB , (4.22)
where now flattening and unflattening is done with the background frame, and all indices are
raised and lowered with the background tangent space metric. Moreover, we use the notation
KAB ” DAξB ´DBξA , DA ” E¯A
MBM . (4.23)
Let us recall that the above form of the gauge transformations includes the α1-deformation, in
the form of the off-diagonal gauge parameters Λab¯ “ Σab¯pΛ, Eq. To lowest order in fields and
α1, we infer that δΛhab “ ´Λab and δΛha¯b¯ “ ´Λa¯b¯ and therefore that the diagonal components
of the fluctuation field are pure gauge. We can thus impose
hab “ ha¯b¯ “ 0 , (4.24)
which we take to be exact gauge fixing conditions. This implies with Gab¯ “ 0 that hab¯ “ ´hb¯a.
The above gauge condition requires compensating gauge transformations, because a generalized
diffeomorphism with parameter ξ in general will not preserve the gauge. With (4.22) one verifies
that the compensating gauge transformations are parameterized by
Λab “ Kab `Kb
c¯ hac¯ ` Opα
1q ,
Λa¯b¯ “ Ka¯b¯ ´Kb¯
c hca¯ ` Opα
1q ,
(4.25)
up to terms of higher order in α1.
Next, we determine the α1-corrected gauge transformations of hab¯. The α
1 corrections to
the compensating gauge transformations are determined for hab according to (4.22) by
δp1qhab “ ´Λ
p1q
ab ´ Σa
c¯pΛp0q, hqhbc¯ “ 0 , (4.26)
and similarly for ha¯b¯. Thus, the compensating parameter takes the form Λ
p1q
ab “ ´Σa
c¯pΛp0q, hqhbc¯.
The gauge transformation for the physical hab¯ is then determined by
δp1qhab¯ “ ´Σab¯ ` Λ
p1q
a
chcb¯ . (4.27)
Since Σa
b¯ starts at linear order in h, the compensating parameter Λ
p1q
ab is quadratic in h and
thus in the gauge transformation for hab¯ it contributes only to third order in h. Hence for
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second order perturbation theory the compensating transformation of Opα1q is immaterial, and
the gauge transformations are determined from
δp1qhab¯ “ ´Σab¯ “ ´
a
2
DaΛ
cd ωb¯dc ´
b
2
Db¯Λ
c¯d¯ ωad¯c¯ , (4.28)
upon eliminating Λ according to (4.25) and expanding to second order in h. Here we used that
one can freely raise and lower indices with the constant background tangent space metric.
In the remainder of this section we determine the α1-deformed perturbative gauge transfor-
mations explicitly up to second order in fields in order to prove that the result is equivalent to
that obtained by the Noether method in sec. 2. We begin by expanding the generalized spin
connections in (4.28) up to second order in fields. Using (4.6), one finds
ωb¯dc “ Γb¯dc ´ hc
d¯ Γdb¯d¯ ´ hd
c¯Dc¯hcb¯ ,
ωad¯c¯ “ ´Γad¯c¯ ´ h
d
c¯ Γd¯ad ´ h
d
d¯Ddhac¯ ,
(4.29)
where we defined the connections to first order:
Γab¯c¯ ” Db¯hac¯ ´Dc¯hab¯ , Γa¯bc ” Dbhca¯ ´Dchba¯ . (4.30)
This, together with the compensating parameters (4.25), needs to be inserted into (4.28). To
first order in fields we read off
δ
p1qr1s
ξ hab¯ “
a
2
DaK
cd Γb¯cd ´
b
2
Db¯K
c¯d¯ Γac¯d¯ . (4.31)
This is in precise agreement with (2.18), as can be seen by using the technique introduced in [15]
that allows one to covert flat indices into projected OpD,Dq indices by means of a background
frame field. Specifically, with the background frame field E¯A
M and its inverse we have the
identifications
hMN¯ “ 2 E¯M
aE¯N
b¯ hab¯ , hab¯ “
1
2
E¯a
M E¯b¯
N hMN¯ , (4.32)
while gauge parameters and derivatives are converted in the obvious fashion, ξM “ EM
aξa, etc.
It then follows immediately that (4.31) agrees with (2.18).
Let us now turn to second order perturbation theory, where we include terms up to quadratic
order in h. In order to simplify the algebra we set b “ 0, which can be done without loss of
generality because the Z2 action mapping unbarred and barred indices into each other allows
one to reconstruct the full result (see [15] for more details). Using (4.25), (4.28) and (4.29), we
thus start from
δ
p1q
ξ hab¯ “ ´
a
2
pDa ´ ha
c¯Dc¯qpK
cd `Kdd¯ h
cd¯qpΓb¯dc ´ hc
e¯ Γdb¯e¯ ´ hd
e¯De¯hcb¯q , (4.33)
and collect all terms up to quadratic order in h,
δ
p1qr2s
ξ hab¯ “ ´
a
2
“
´DaK
cd hc
e¯ Γdb¯e¯ ´DaK
cd hd
e¯De¯hcb¯ `DaK
dd¯ hcd¯ Γb¯dc
`Kdd¯Dah
c
d¯ Γb¯dc ´ ha
c¯Dc¯K
cd Γb¯dc
‰
.
(4.34)
Upon converting flat into curved indices and using the dictionary (4.32) between hab¯ and hMN¯ ,
this is equivalent to
δ
p1qr2s
ξ hMN¯ “ ´
a
4
“
´ BMK
KL hK
P¯ ΓLN¯P¯ ´ BMK
KL hL
P¯ BP¯hKN¯ ` BMK
KL¯ hP L¯ ΓN¯KP
`KKL¯BMh
P
L¯ ΓN¯KP ` hM
P¯ BP¯K
KL ΓN¯KL
‰
.
(4.35)
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The global factor of 2 relative to (4.34) is due to (4.32) and the fact that we have on the left-
hand side one h, but on the right-hand side two. We can also determine the gauge algebra to
this order in perturbation theory, which follows from (4.13) upon inserting (4.25). Note that
for this computation the Opα1q contributions to the compensating parameters are not needed
as these would only contribute to order α1 2. We compute
ξM12 “
a
4
Λ2
cdBMΛ1dc “
a
4
pKcd2 `K
de¯
2 h
c
e¯q B
M pK1dc `K1cd¯ hd
d¯q
“ ´a
4
Kcd2 B
MK1cd `
a
4
Kcd2 B
MK1cd¯ hd
d¯ ` a
4
Kcd2 K1cd¯ B
Mhd
d¯ ` a
4
hce¯K
de¯
2 B
MK1dc
“ ´a
4
Kcd2 B
MK1cd `
a
4
hdd¯K2d
c BMK1d¯c `
a
4
hce¯K2e¯
d BMK1cd `
a
4
BMhdd¯K2d
cK1d¯c .
(4.36)
Rewriting this algebra in terms of hMN¯ , we obtain
ξM12 “ ´
a
4
K
KL
2 B
MK1KL `
a
8
hKL¯K2K
P BMK1L¯P `
a
8
hLK¯ K2K¯
P BMK1LP
` a
8
BMhKL¯K2K
PK1L¯P ,
(4.37)
where we used (4.32).
Let us now verify that the above gauge transformations and gauge algebra are equivalent
to those found in second order perturbation theory in sec. 2 by the Noether method. We have
to show that they are equal up to field and parameter redefinitions and the addition of trivial
gauge parameters. In order to compare the two results, we denote the transformations and
algebra derived in this section from the frame formalism by hats, and those determined in
sec. 2 without hats. Comparing then (2.37) and (2.38) with (4.35) and (4.37), recalling b “ 0,
we read off
pδr2sp1qξ hMN¯ “ δr2sp1qξ hMN¯ ` a4 BMKKL hKP¯ BP¯hLN¯
` a
4
BMK
KP¯ hLP¯ΓN¯KL `
a
2
BMh
P
K¯ BN¯h
QK¯ KPQ
´ a
4
KKL¯ BMh
P
L¯ ΓN¯KP `
a
4
BMK
KL hK
P¯ ΓLN¯P¯ ,
pξMr1sp1q12 “ ξMr1sp1q12 `∆M ph, ξq ,
(4.38)
where the difference between the two gauge algebras is
∆M ph, ξq “ ´a
8
hKL¯K2K
PBMK1L¯P ´
a
8
hLK¯K2K¯
P BMK1LP `
3
8
a BMhKL¯K2K
PK1L¯P . (4.39)
Consider now the parameter redefinition
ξ1M “ ξM ` FM ph, ξq , (4.40)
where F is of order α1, linear in ξ and quadratic in h, so that it modifies the gauge transfor-
mations to the appropriate order. We do not allow terms linear in h, because that would also
affect the transformations δr1sp1qh that we matched already. This parameter redefinition yields
the modified gauge transformations
δξ1hMN¯ “ δξhMN¯ ` 2pBMFN¯ ph, ξq ´ BN¯FM ph, ξqq ` Oph
3q . (4.41)
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It is easy to see that closure then holds for δξ1h with the modified algebra
ξ1M12 “ ξ
M
12 `
`
δ
r0s
ξ1
FM ph, ξ2q ´ p1Ø 2q
˘
. (4.42)
Thus, any two expressions for the gauge algebra that differ by a total δ
r0s
ξ variation as above
are equivalent under parameter redefinitions. It turns out that in order to show that the extra
terms on the right-hand side of the gauge algebra in (4.38) are trivial, we also need to invoke
trivial parameters, which take the form of a total derivative. Finally, it is straightforward to
verify that (4.39) can be written as
∆M ph, ξq “ ´a
8
δ
r0s
ξ1
`
BMhKL¯K2K
PhPL¯
˘
` BM
`
´ a
8
hLK¯K2K¯
PK1LP
˘
, (4.43)
which proves that both algebras are identical up to a parameter redefinition and a trivial
parameter. For the gauge transformations in (4.38) one may confirm by a direct computation
that pδξhMN¯ “ δξhMN¯ ` δr0sξ `a8 BMhKL¯hP L¯ ΓN¯KP ˘
` 2 BM
`
´ a
8
BN¯h
KL¯KK
PhPL¯
˘
´ 2 BN¯
`
´ a
8
BMh
KL¯KK
PhPL¯
˘
.
(4.44)
The extra term in the first line is removable by a field redefinition, which does not affect the
gauge algebra. The terms in the second line are removable by the same parameter redefinition
as in (4.43), as follows with (4.41). This completes our proof that the gauge transformations
and gauge algebra found here are equivalent to those determined by the Noether method.
4.3 Third order perturbation theory: proof that the Jacobiator is trivial
In the previous subsection we have shown that to second order in perturbation theory the gauge
structures determined by the Noether method agree, up to trivial parameter and field redefi-
nitions, with those following from the background independent α1-deformed frame formalism,
thereby giving an independent consistency check for this formalism. In sec. 3 we identified an
obstruction for a generalized metric formulation that arises to third order in perturbation the-
ory by showing that the unique candidate gauge algebra in terms of the generalized metric does
not lead to a trivial Jacobiator and thus cannot define a consistent gauge algebra. Therefore,
it is reassuring and an important consistency test that for the frame formalism there is no such
obstruction to third order, as we verify now.
We start by determining the gauge algebra to third order in perturbation theory, i.e., we
determine the terms quadratic in h in the gauge algebra. These are again obtained by inserting
(4.25) into the gauge algebra (4.13),
FMp1qr2spξ1, ξ2q ” ξ
Mp1qr2s
12 “
a
4
hce¯hd
d¯K2
de¯ BMK1cd¯ `
a
4
hce¯ B
Mhd
d¯Kde¯2 K1cd¯
´ b
4
hab¯hcd¯K2ad¯ B
MK1cb¯ ´
b
4
hab¯ BMhcd¯K2ad¯K1cb¯ ,
(4.45)
where we renamed the algebra expression in order to streamline our discussion below. Convert-
ing into OpD,Dq indices, we obtain
FMp1qr2spξ1, ξ2q “
a
16
hKL¯hPQ¯K2PL¯ B
MK1KQ¯ ´
b
16
hLK¯hQP¯ K2LP¯ B
MK1QK¯
` a
16
hKL¯BMhPQ¯K2PL¯K1KQ¯ ´
b
16
hLK¯BMhQP¯ K2LP¯ K1QK¯ .
(4.46)
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Moreover, from the construction of the frame formalism it follows that the gauge algebra is
exact, with no higher order terms beyond quadratic order in h.
We now compute the Jacobiator for (4.46) and show that it is trivial. As a warm-up we
first verify this to second order, using the gauge algebra linear in h, for which the Jacobiator
is field independent. We start from the expression (3.9) for the Jacobiator and expand in the
number of fields (suppressing the cyclic sum here and in the following),
J r0s “ δ
r0s
ξ1
F p1qr1spξ2, ξ3;hq ` F
p0qr0spξ1, F
p1qr0spξ2, ξ3qq ` F
p1qr0spξ1, F
p0qr0spξ2, ξ3qq . (4.47)
We set again b “ 0, which can be done without loss of generality, and use the algebra in the
form (2.38), i.e.,
FMr1sp1qpξ1, ξ2q “
1
4
ahKL¯K2K
P BMK1L¯P `
1
4
ahLK¯K2K¯
P BMK1LP
´ 1
4
a BMhKL¯K2K
PK1L¯P ,
(4.48)
and the C-bracket (2.3) for F p0qr0s and (2.22) for F p1qr0s. An explicit computation then gives
after some algebra
J r0sM “ BM
´
´ a
8
ξK1 K
PQ
3 BKK2PQ ´
a
4
K
PQ
1 K3P
K¯K2QK¯ ´
a
12
K
PQ
1 K3P
KK2QK
¯
. (4.49)
Thus, the Jacobiator is a total derivative and hence trivial, as we wanted to prove.
To third order perturbation theory we expand the Jacobiator (3.9) as
J r1spξ1, ξ2, ξ3q “ δ
r0s
ξ1
F p1qr2spξ2, ξ3;hq ` δ
r1s
ξ1
F p1qr1spξ2, ξ3;hq
` F p0qr0spξ1, F
p1qr1spξ2, ξ3;hqq ` F
p1qr1spξ1, F
p0qr0spξ2, ξ3q;hq ,
(4.50)
which yields the terms linear in h. Using (4.46) a straightforward but somewhat tedious com-
putation shows that this is indeed trivial. To this end, one may freely integrate by parts and
discard total derivatives. This confirms the validity of the gauge algebra to third order in the
perturbation theory based on the frame-like formalism.
5 Formulation in terms of non-symmetric metric
In previous sections it was proved that there is no generalized metric formulation for bosonic
string theory when including α1 corrections. Rather, a background independent and manifestly
OpD,Dq invariant formulation is given by a frame or vielbein formalism with α1-deformed
local frame transformations. In order to make both background independence and OpD,Dq
invariance manifest, we are forced to introduce unphysical, pure gauge degrees of freedom (that
are not present in closed string field theory). This result is puzzling, because for bosonic string
theory (and more generally for the bosonic sectors of superstring theory) it is always possible
to write the α1 corrections in terms of gij and bij and hence in terms of Eij ” gij ` bij, without
additional pure gauge degrees of freedom. In this section we clarify this by showing how a
formulation in terms of Eij can be obtained from the frame formalism upon gauge fixing, which
in turn leads to deformed OpD,Dq transformations. Since a generalized metric formulation
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would imply an undeformed OpD,Dq symmetry, this result is in perfect agreement with the
no-go result of sec. 3. In the first two subsections we discuss the frame formalism in terms of
Eij and additional pure gauge modes and then perform the gauge fixing. The resulting gauge
algebra in terms of Eij is discussed in the third subsection, while some aspects of the deformed
OpD,Dq invariance are discussed in the final subsection.
5.1 Frame field in terms of physical and gauge degrees of freedom
We begin by giving an explicit parametrization of the frame field that solves the constraint
Gab¯ “ 0, c.f. (4.2), without having to fix a gauge:
EA
M “
˜
Eai Ea
i
Ea¯i Ea¯
i
¸
“
˜
´Eji ea
j ea
i
Eij e¯a¯
j e¯a¯
i
¸
. (5.1)
It is written in terms of the three independent tensors with D2 components each:
Eij “ gij ` bij , ea
i , e¯a¯
i : 3D2 components . (5.2)
Thus, we have the right number of degrees of freedom, and indeed the above form identically
solves the constraint on G in that
GAB “
˜
´2 ea
i eb
j gij 0
0 2 e¯a¯
i e¯b¯
j gij
¸
. (5.3)
In the remainder of this subsection we discuss how the symmetries of DFT, i.e. generalized
diffeomorphisms, the global OpD,Dq and local GLpDq ˆ GLpDq frame transformations, are
realized on the component fields. We begin with the GLpDq ˆGLpDq gauge transformations,
first without α1 corrections. Under finite transformations we have
E1A
M “ ΛA
BEB
M , ΛA
B “
˜
Λa
b 0
0 Λ¯a¯
b¯
¸
, (5.4)
using boldface greek letters to denote the group element Λ P GLpDq ˆGLpDq. In terms of the
component fields in (5.1), this symmetry acts as
e1 “ Λ e , e¯1 “ Λ¯ e¯ , E 1 “ E , (5.5)
where we used matrix notation, with e denoting ea
i, etc. The component fields transform
under frame transformations as indicated by their flat and curved indices. In particular, E
is invariant. Let us also mention in passing that acting with the generalized Lie derivative
on the frame (5.1) allows one to determine straightforwardly the generalized diffeomorphism
transformations of ea
i, e¯a¯
i and Eij, which for the latter reproduces the form given in [10], see
eq. (5.18) below.
Let us now turn to the OpD,Dq transformations. Consider the general OpD,Dq matrix
hMN “
˜
a b
c d
¸
P OpD,Dq , (5.6)
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which acts on coordinates as X Ñ X 1 “ hX and on the frame field as
E1A
M pX 1q “ hMN EA
N pXq . (5.7)
Using matrix notation, we have
E1pX 1q “ EpXqht “
˜
´eE e
e¯E t e¯
¸˜
at ct
bt dt
¸
, (5.8)
which yields
e1 “ eM , M ” dt ´ Ect ,
e¯1 “ e¯M¯ , M¯ ” dt ` E tct ,
(5.9)
and
e1E 1 “ epEat ´ btq , e¯1E 1t “ e¯pE tat ` btq . (5.10)
Using (5.9) in the second equation in here we obtain6
E
1pX 1q “ paEpXq ` bqpcEpXq ` dq´1 . (5.11)
This is the well-known fractional-linear form of the OpD,Dq transformation. Thus, in presence
of the gauge degrees of freedom e and e¯, the OpD,Dq always acts on E in this form. However,
when fixing a gauge, say by setting ea
i “ e¯a¯
i “ δa
i, we have to take into account compensating
frame transformations. From (5.9) we infer that for e “ e¯ “ 1 the compensating GLpDq ˆ
GLpDq transformations are Λ “ M , Λ¯ “ M¯ . In (5.5) we saw that E is inert under these
frame transformations to lowest order in α1 and hence not affected by compensating gauge
transformations. However, this changes when turning on the α1 deformations, as we will do in
the next subsection.
We finally recall that the non-linear OpD,Dq action (5.11) can be linearized by introducing
the generalized metric
H
MN “ Ea¯
MEa¯N ´ Ea
MEaN , (5.12)
where the indices are contracted with G. This is manifestly invariant under the (undeformed)
local frame transformations (5.5) and transforms covariantly under OpD,Dq as indicated by the
free OpD,Dq indices. Moreover, inserting the explicit frame (5.1) and using (5.3), we recover
the familiar expression in terms of g and b, with the gauge degrees of freedom e and e¯ dropping
out, as it should be by gauge invariance. Note that the generalized metric is no longer invariant
under α1-deformed frame transformations.
5.2 Gauge fixing and α1-deformed gauge structure
We now consider the α1-deformed frame transformations and investigate the effect of gauge
fixings. Acting with the α1-deformed transformation matrix (4.8) on the frame (5.1), we obtain
for the components e and e¯
δ
p1q
Λ ea
i “ Σa
b¯ e¯b¯
i , δ
p1q
Λ e¯a¯
i “ ´Σba¯ eb
i . (5.13)
6Using the first equation of (5.10) instead gives a differently looking result, but it is equivalent as follows from
the general formalism.
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Next, for the remaining components we compute from (5.1), for instance,
δΛEai “ δΛp´Ejiea
jq “ ´δΛEji ea
j ´ EjiΣa
b¯ e¯b¯
i
“ Σa
b¯Eb¯i “ Σa
b¯
Eij e¯b¯
j ,
(5.14)
from which we conclude
δΛEij “ ´ei
a e¯j
b¯Σab¯ , (5.15)
recalling that raising and lowering of flat indices is done with G and using (5.3). Thus, Eij
is no longer inert under frame transformations, and hence the compensating GLpDq ˆGLpDq
transformations do affect E , leading in particular to α1 deformed OpD,Dq transformations.
Let us now investigate the gauge structure of the generalized diffeomorphisms parameterized
by ξM “ pξ˜i, ξ
iq after gauge fixing. Thus, from now on we take the frame field to take the gauge
fixed form
EA
M “
˜
Eai Ea
i
Ea¯i Ea¯
i
¸
“
˜
´Eai δa
i
Eia¯ δa¯
i
¸
, (5.16)
where after gauge fixing we can identity curved and flat indices. Acting on this frame field
with the generalized Lie derivative as in (2.1), it is easy to see that the following compensating
GLpDq ˆGLpDq transformations are required in order to preserve the gauge:
Λj
i “ Bjξ
i ´ B˜iξ˜j ` EjkpB˜
iξk ´ B˜kξiq ,
Λ¯j
i “ Bjξ
i ´ B˜iξ˜j ´ EkjpB˜
iξk ´ B˜kξiq .
(5.17)
Here we included only the terms to zeroth order in α1, as these are sufficient for our purposes
below, and we used that flat and curved indices can be identified. Acting then on the compo-
nents of (5.16) encoding Eij and including these compensating frame transformations it is easy
to check that to lowest order in α1
δ
p0q
ξ Eij “ Diξ˜j ´ D¯j ξ˜i ` ξ
NBNEij `Diξ
k
Ekj ` D¯jξ
k
Eik , (5.18)
where
Di “ Bi ´ EikB˜
k , D¯i “ Bi ` EkiB˜
k . (5.19)
See the discussion in sec. 4 in [12] for more details on this derivation. Now turning on α1
corrections we infer with (5.15) that the gauge transformations read
δξEij “ δ
p0q
ξ Eij ´Σij¯pE,Λq , (5.20)
where Λ has to be eliminated in terms of (5.17), and
Σij¯pE,Λq “
a
2
DiΛl
k ωj¯k
l ` b
2
D¯j¯Λl¯
k¯ ωik¯
l¯ “ ´a
2
DiΛl
k Γj¯k
l ´ b
2
D¯j¯Λl¯
k¯ Γik¯
l¯ , (5.21)
with the ‘OpD,Dq connections’ defined in [10]:
Γij¯
k¯ “ 1
2
gklpDiElj ` D¯jEil ´ D¯lEijq ,
Γi¯j
k “ 1
2
gklpD¯iEjl `DjEli ´DlEjiq .
(5.22)
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The expressions for the spin connections in terms of the OpD,Dq connections were obtained in
sec. 4.2 in [12]. Summarizing, the deformed generalized diffeomorphisms to first order in α1 act
on Eij as
δ
p1q
ξ Eij “
a
2
Di
`
Blξ
k ´ B˜k ξ˜l ` ElppB˜
kξp ´ B˜pξkq
˘
Γj¯k
l
` b
2
D¯j
`
Blξ
k ´ B˜k ξ˜l ´ EplpB˜
kξp ´ B˜pξkq
˘
Γik¯
l¯ .
(5.23)
Let us emphasize that although the above gauge transformations are written in terms of doubled
derivatives, such as the operators in (5.19), and the connections (5.22), they are not OpD,Dq
covariant in the undeformed sense. However, they are OpD,Dq covariant in a suitably deformed
sense, as is guaranteed by the construction and will be discussed further below.
Rather than analyzing the gauge transformations (5.23) directly and verifying their closure,
we can read off the gauge algebra from (4.13), upon eliminating the gauge parameters by (5.17):
ξM12 “
a
4
Λ2i
jBMΛ1j
i ´ b
4
Λ¯2i
jBM Λ¯1j
i
“ a
4
`
Biξ
j
2 ´ B˜
j ξ˜2i ` EikpB˜
jξk2 ´ B˜
kξ
j
2q
˘
BM
`
Bjξ
i
1 ´ B˜
iξ˜1j ` EjkpB˜
iξk1 ´ B˜
kξi1q
˘
´ b
4
`
Biξ
j
2 ´ B˜
j ξ˜2i ´ EkipB˜
jξk2 ´ B˜
kξ
j
2q
˘
BM
`
Bjξ
i
1 ´ B˜
iξ˜1j ´ EkjpB˜
iξk1 ´ B˜
kξi1q
˘
,
(5.24)
where we left again the antisymmetrization in p1Ø 2q implicit. Our goal here and in the next
subsection is to relate this algebra to the unique field-independent gauge algebra found for the
HSZ theory in [13], plus field-dependent corrections. Thus, focusing on the field-independent
part, we have
ξM12 “
a´b
4
B˜j ξ˜2i B
M B˜iξ˜1j `
a´b
4
Biξ
j
2 B
MBjξ
i
1
´ a´b
4
Biξ
j
2 B
M B˜iξ˜1j ´
a´b
4
B˜j ξ˜2i B
MBjξ
i
1 `OpEq ,
(5.25)
while the HSZ algebra of [13] reads
1
2
BKξ
L
2 B
MBLξ
K
1 “
1
2
Bkξ
l
2 B
MBlξ
k
1 `
1
2
B˜k ξ˜2l B
M B˜lξ˜1k `
1
2
Bk ξ˜2l B
M B˜lξk1 `
1
2
B˜kξl2 B
MBlξ˜1k . (5.26)
In order to bring this closer to the algebra above we use the strong constraint in the second
line of (5.25) to obtain
ξM12 “
a´b
4
B˜j ξ˜2i B
M B˜iξ˜1j `
a´b
4
Biξ
j
2 B
MBjξ
i
1
` a´b
4
B˜iξj2 B
MBiξ˜1j `
a´b
4
Bj ξ˜2i B
M B˜jξi1 `OpEq .
(5.27)
Comparing with (5.26) we infer
ξM12 “
a´b
4
BKξ
L
2 B
MBLξ
K
1 `
a´b
4
B˜kξl2 B
M pBk ξ˜1l´Blξ˜1kq`
a´b
4
Bk ξ˜2l B
M pB˜kξl1´B˜
lξk1 q`OpEq . (5.28)
Our goal is to prove that for a “ ´b the gauge algebra is fully equivalent to (5.26), up to trivial
parameters and parameter redefinitions. Put differently, we want to prove that the gauge
algebra can be brought into a form for which all field-dependent contributions are proportional
to a` b. We turn to this in the next subsection.
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5.3 Simplifying the gauge algebra
We now search for the parameter redefinition that simplifies the gauge algebra (5.24) as envi-
sioned above. To this end it is convenient to organize the structure of the lowest order gauge
transformations and gauge algebra in powers of the field E . From (5.18) we infer that the gauge
transformations of Eij can be written as
δξE “ ℓ1pξq ` ℓ2pξ, Eq ´
1
2
ℓ3pξ, E , Eq , (5.29)
where
rℓ1pξqsij “ Biξ˜j ´ Bj ξ˜i ,
rℓ2pξ, Eqsij “ LξEij ` rLξ˜Eij ,
rℓ3pξ, E1, E2qsij “ E1ikpB˜
kξl ´ B˜lξkqE2lj ` p1Ø 2q ,
(5.30)
using the notation of [10] for Lie derivatives Lξ and dual Lie derivatives rLξ˜. Here we use the
language of L8 algebras to deal with the various multi-products appearing in the gauge struc-
ture, but the reader unfamiliar with this framework can simply take the above as a convenient
notation. This L8 algebraic viewpoint will be elaborated on in [30].
Let us make explicit the constraints implied by closure of the gauge algebra:“
δξ1 , δξ2
‰
E “ δξ1
´
ℓ1pξ2q ` ℓ2pξ2, Eq ´
1
2
ℓ3pξ2, E , Eq
¯
´ p1Ø 2q
“ ℓ2
´
ξ2 , ℓ1pξ1q ` ℓ2pξ1, Eq ´
1
2
ℓ3pξ1, E , Eq
¯
´ ℓ3
´
ξ2 , ℓ1pξ1q ` ℓ2pξ1, Eq ´
1
2
ℓ3pξ1, E , Eq , E
¯
´ p1Ø 2q
“ ℓ1pξ12q ` ℓ2pξ12, Eq ´
1
2
ℓ3pξ12, E , Eq ,
(5.31)
where ξ12 ” rξ2, ξ1sc ” ℓ2pξ2, ξ1q and we used that ℓ3 is defined to be symmetric in its last two
arguments. Thus, comparing orders in E closure requires
ℓ1pℓ2pξ2, ξ1qq “ ℓ2pℓ1pξ2q, ξ1q ´ p1Ø 2q ,
ℓ2pℓ2pξ2, ξ1q, Eq “ ℓ2pξ2, ℓ2pξ1, Eqq ` ℓ3pξ2, ℓ1pξ1q, Eq ´ p1Ø 2q ,
ℓ3pℓ2pξ2, ξ1q, E , Eq “ ℓ2pξ2, ℓ3pξ1, E , Eqq ` 2 ℓ3pξ2, ℓ2pξ1, Eq, Eq ´ p1Ø 2q ,
0 “ ℓ3pξ2, ℓ3pξ1, E , Eq, Eq ´ p1Ø 2q .
(5.32)
These are precisely the relations defining an L8 algebra to the desired order, with all higher
products being identically zero. These relations can be verified by direct computations and are
equivalent to closure of the gauge algebra in DFT.
With these relations at hand we can next analyze the effect of a parameter redefinition of
the form
ξ Ñ ξ1 “ ξ ` F pξ, Eq , (5.33)
where F is field-dependent and of first order in α1. More precisely, we interpret this parameter
redefinition as modifying the gauge transformations at order α1 according to
δ
p1q
ξ E “ ℓ1pF pξ, Eqq ` ℓ2pF pξ, Eq, Eq ´
1
2
ℓ3pF pξ, Eq, E , Eq . (5.34)
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Using the relations (5.32) it is straightforward to verify that these transformations close to first
order in α1, “
δξ1 , δξ2
‰
“ δ
p0q
ξ
p0q
12
`α1ξ
p1q
12
` α1δ
p1q
ξ
p0q
12
, (5.35)
where ξ
p0q
12 “ rξ2, ξ1sc is the lowest order C-bracket algebra, and
ξ
p1q
12 “ δ
p0q
ξ1
F pξ2, Eq ` ℓ2pξ2, F pξ1, Eqq ´ p1Ø 2q ` F prξ1, ξ2sc, Eq
“ δ
p0q
ξ1
F pξ2, Eq ` rξ2, F pξ1, Eqsc ´ p1Ø 2q ` F prξ1, ξ2sc, Eq .
(5.36)
We now have to find an appropriate F that simplifies the algebra. With (5.30) it is easy
to see that the second and third term in the field-independent part of the algebra (5.28) are
removed by putting
FM pξ, Eq “ ´a´b
4
pB˜kξl ´ B˜lξkqBMEkl . (5.37)
We compute for the first term on the right-hand side of (5.36)
δ
p0q
ξ1
FM pξ2, Eq “ ´
a´b
4
pB˜kξl2 ´ B˜
lξk2 q B
M pBk ξ˜1l ´ Blξ˜1kq
´ a´b
4
pB˜kξl2 ´ B˜
lξk2 q B
M
“
pLξ1 `
rL
ξ˜1
qEkl
‰
´ a´b
4
pB˜kξl2 ´ B˜
lξk2 q B
M p´EkppB˜
pξ
q
1 ´ B˜
qξ
p
1qEqlq .
(5.38)
For the final term on the right-hand side of (5.36) one finds
FM prξ1, ξ2sc, Eq “ ´
a´b
4
pB˜krξ1, ξ2s
l
c ´ B˜
lrξ1, ξ2s
k
c qB
M
Ekl
“ ´a´b
4
rpLξ1 `
rLξ˜1qpB˜kξl2 ´ B˜lξk2 qsBMEkl , (5.39)
using the explicit expressions for the C-bracket and Lie derivatives. Finally, in order to compute
the second term on the right-hand side of (5.36), it is convenient to use that the free index on
FM is carried by a derivative and that total derivative terms are trivial parameters that can be
dropped in the gauge algebra. Indeed, by the relation (2.4) we can then replace the C-bracket
by the generalized Lie derivative L and compute
rξ2, F pξ1, Eqs
M
c “ Lξ2F pξ1, Eq
M “ ξN2 BNF pξ1, Eq
M ` BM ξP2 F pξ1, EqP
“ pLξ2 `
rL
ξ˜2
qF pξ1, Eq
M ` BMξP2 F pξ1, EqP ,
(5.40)
using the convention that L and L˜ only acts on small latin indices, leaving the index M inert.
With the same convention we can rewrite the term in the second line of (5.38) as
BM
“
pLξ1 `
rL
ξ˜1
qEkl
‰
“ pLξ1 `
rL
ξ˜1
qBMEkl ` B
M ξP1 BPEkl
` BM
`
Bkξ
p
1 ´ B˜
pξ˜1k
˘
Epl ` B
M pBlξ
p
1 ´ B˜
pξ1lqEkp .
(5.41)
Combining all terms in (5.36) one may verify that the Lie derivative terms cancel as well as the
term BM ξF , leaving
ξ
p1q
12 “ ´
a´b
4
pB˜kξl2 ´ B˜
lξk2 q B
M pBk ξ˜1l ´ Blξ˜1kq
´ a´b
4
pB˜kξl2 ´ B˜
lξk2 qpB
M pBkξ
p
1 ´ B˜
pξ˜1kq Epl ` B
M pBlξ
p
1 ´ B˜
pξ˜1lq Ekpq
´ a´b
4
pB˜kξl2 ´ B˜
lξk2 q B
M p´EkppB˜
pξ
q
1 ´ B˜
qξ
p
1qEqlq .
(5.42)
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Combining with the terms of the compensating frame algebra (5.24) one finds significant sim-
plifications, leaving for the total gauge algebra
ξM12 “
a´b
4
BKξ
L
2 B
MBLξ
K
1
´ a`b
4
!
pEkl ` ElkqpB˜
kξ
p
2 ´ B˜
pξk2 qB
M pBpξ
l
1 ´ B˜
lξ˜1pq
´ Ekp B
M
Eql pB˜
kξl2 ´ B˜
lξk2 qpB˜
pξ
q
1 ´ B˜
qξ
p
1q
)
´ p1Ø 2q .
(5.43)
This form makes it manifest that for the HSZ case a “ ´b the gauge algebra indeed reduces
to the expected field-independent algebra structure in the first line. Moreover, only this part
of the algebra is manifestly OpD,Dq invariant, with all indices transforming linearly and being
properly contracted. In contrast, for the bosonic string case a “ b the algebra is not OpD,Dq
covariant in the original sense, but only in a deformed sense, as we will discuss now.
5.4 Remarks on OpD,Dq covariance
We close this section by making some general remarks on how OpD,Dq is realized in the
formulation based only on the non-symmetric metric Eij. As discussed above, unless a “ ´b
and/or the pure gauge degrees of freedom are included, the familiar fractional-linear OpD,Dq
transformation (5.11) of Eij is no longer a symmetry to first order in α
1. Rather, the OpD,Dq
action itself is α1-deformed. While these deformed transformations can always be obtained and
understood from compensating gauge transformations in the frame formulation that makes all
symmetries manifest, it is instructive to analyze some aspects of these transformations explicitly,
which also corroborates independently the conclusions derived in this paper.
Let us begin by considering the infinitesimal OpD,Dq transformations with parameter τMN ,
satisfying τpMNq “ 0,
δτEA
M “ ξNτ BNEA
M ` τMNEA
N , ξMτ ” ´τ
M
NX
N . (5.44)
We parameterize the transformation matrix as
τMN “
˜
τi
j τij
τ ij τ ij
¸
“
˜
αi
j βij
γij ´αj
i
¸
, γ and β antisymmetric , (5.45)
which is related to the OpD,Dq matrix as h “ 1` τ , and assume the gauge fixed form (5.16) of
the frame field. This, in turn, requires compensating gauge transformations in order to satisfy
0 “ δτEa
i “ δτEa¯
i. A short computation yields for the compensating parameters
Λj
i “ αj
i ` Ejk γ
ik ´ α1Σj
i¯ ,
Λ¯j
i “ αj
i ´ Ekj γ
ik ´ α1Σj¯
i ,
(5.46)
where we identified flat and curved indices as usual. Including these compensating transforma-
tions in (5.44) evaluated for, say, Eai one finds
δτEij “ ξ
N
τ BNEij ` βij ` αi
k
Ekj ` Eik αj
k ´ Eik γ
kl
Elj ´ α
1Σij¯ . (5.47)
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To zeroth order in α1 this result is equal to that obtained from the fractional-linear transfor-
mation (5.11) upon expanding to first order in the transformation parameters, which in matrix
notation reads
E 1pX 1q “ EpXq ` β ` α EpXq ` EpXqαt ´ EpXq γ EpXq . (5.48)
We infer that the antisymmetric β encodes the ‘b-shifts’ shifting the NS-NS 2-form and α
encodes the glpDq matrix rotating all D-dimensional indices. These symmetries are manifest in
any diffeomorphism and b-field gauge invariant theory. However, the full OpD,Dq also includes
the symmetries parametrized by γij , which act in a truly non-linear way on the physical fields,
in this sense representing genuine T-duality transformations.
We now turn to the α1-deformed transformation, which is obtained by inserting the com-
pensating parameters (5.46) into Σij¯ as in (5.21), (5.22),
δp1qτ Eij “
a
2
DiEkp γ
pl Γj¯l
k ´ b
2
D¯jEpk γ
lp Γil¯
k¯ . (5.49)
We observe that only the γ transformations are deformed. This is as expected, because in a
formulation based on E “ g` b constant b-shifts and global GLpDq transformations can always
be realized in the standard, undeformed sense. Since the OpD,Dq action is deformed, one may
ask whether we still have a group action, in other words, whether these transformations still
close by themselves. We can answer this question by recalling that the deformed transformations
originated from compensating frame transformations. Since these frame transformations only
close modulo a modification of the C-bracket of generalized diffeomorphisms it follows that also
the deformed OpD,Dq transformations require generalized diffeomorphisms for closure. The
effective parameter is again obtained by eliminating the gauge parameters in (4.13) by (5.46),
ξM12 “
a
4
pα2i
j ` Eik γ
jk
2 q B
M pα1j
i ` Ejl γ
il
1 q ´
b
4
pα2i
j ´ Eki γ
jk
2 q B
M pα1j
i ´ Elj γ
il
1 q
“ 1
4
`
a Eik B
M
Ejl ´ b Eki B
M
Elj
˘
γ
jk
2 γ
il
1 ,
(5.50)
ignoring in the last step total derivative terms, which is legal because they correspond to trivial
parameters. Decomposing Eij “ gij ` bij and using the symmetry of g and the antisymmetry
of b, the algebra reads
ξM12 “
1
4
`
pa´ bqgik B
Mgjl`pa` bqgik B
M bjl`pa` bqbik B
Mgjl`pa´ bqbik B
Mbjl
˘
γ
jk
2 γ
il
1 , (5.51)
where we recall that the antisymmetrization in p1Ø 2q is implicit. Exchanging iØ k and j Ø l
leaves the terms proportional to pa´bq invariant but changes the sign of the terms proportional
to pa ` bq, while γjk2 γ
il
1 changes sign under the antisymmetrization in p1 Ø 2q. Therefore, the
terms proportional to pa´ bq drop out, and the gauge algebra reduces to
ξM12 “
1
2
pa` bq gik B
Mbjl γ
jk
2 γ
il
1 ´ p1Ø 2q , (5.52)
where we restored the antisymmetrization in p1Ø 2q and used that by the antisymmetry under
i Ø j and k Ø l the two remaining terms combine into one, up to a trivial parameter. We
observe that the algebra is trivial for a “ ´b, confirming our above conclusion that in this case,
and in this case only, the OpD,Dq remains undeformed in presence of α1 corrections.
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Although for general parameters a, b the OpD,Dq symmetry on the background independent
field Eij is deformed, we have seen that for the perturbative variables hMN¯ the OpD,Dq sym-
metry is manifest in the original sense. The same holds for the string field theory variable eij ,
as both are related via background frame fields to the same frame-like variable hab¯,
hMN¯ “ 2 E¯M
a E¯N
b¯ hab¯ , hab¯ “ E¯a
i E¯b¯
j eij . (5.53)
It is instructive to pause for a moment and to explain why these two statements (deformed
symmetries in the background independent formulation but undeformed symmetries in the
perturbative formulation) are consistent. We first note that in the expansion (4.21) about flat
space the background transforms underOpD,Dq as δτ E¯A
M “ τMN E¯A
N , so that hAB isOpD,Dq
invariant. If we introduce the constant background Eij through a gauge fixed background
frame field as above, however, we need compensating GLpDq ˆ GLpDq transformations. The
parameters take the same form as (5.46), but now depending only on the constant Eij. Being
constant, they drop out of the frame transformations at order α1. Therefore, the OpD,Dq
transformations of the fluctuations are indeed undeformed.
We close this subsection by making some brief remarks about the covariance of the α1
corrected gauge algebra (5.43), which we recall here
ξM12 “
a´b
4
BKξ
L
2 B
MBLξ
K
1
´ a`b
4
!
pEkl ` ElkqK
kp
2 B
MK1p
l ´ Ekp B
MEqlK
kl
2 K
pq
1
)
´ p1Ø 2q ,
(5.54)
using the straightforward notation for matrices K. Under a transformation r P GLpDq Ă
OpD,Dq all indices transform covariantly, e.g., for the derivatives B1i “ ri
j Bj , B˜
i1 “ pr´1qj
i B˜j .
As such, the algebra is manifestly convariant. However, already for constant b-shifts, which by
our reasoning above should be realized in the undeformed sense, the check of covariance is a
little subtle: We first note that the OpD,Dq transformation given by
hβ “
˜
1 β
0 1
¸
, β “ ´βt , (5.55)
transforms all relevant objects according to
ξ˜1i “ ξ˜i ` βijξ
j , ξi1 “ ξi ,
B1i “ Bi ` βij B˜
j , B˜i1 “ B˜i ,
E
1 “ E ` β ,
(5.56)
so that we find for the K components:
K 1kl “ Kkl , K 1k
l “ Kk
l ` βkpK
pl . (5.57)
We then compute for the transformation of (5.54)
ξM 112 “ ξ
M
12 ´
a`b
4
`
pEkl ` ElkqK
kp
2 B
M pβpqK
ql
1 q ´ βkp B
M
EqlK
kl
2 K
pq
1
˘
“ ξM12 ´
a`b
4
`
gkl βpq B
M pKkp2 K
ql
1 q ´ βpq B
MglkK
pk
2 K
ql
1
˘
“ ξM12 ´
a`b
4
BM
`
gkl βpqK
kp
2 K
ql
1
˘
,
(5.58)
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where we used the implicit antisymmetry under p1Ø 2q. We see that, curiously, the expression
for the algebra is not invariant, but rather transforms into a total derivative. This is a trivial
parameter that does not transform fields, however, and so in this sense the algebra really is
invariant. We also note that it is not possible to rewrite the algebra using trivial parameters so
that the algebra expression is strictly invariant, as opposed to invariant up to trivial parameters.
Finally, let us mention that the γ transformations in (5.45) are not expected to be a symme-
try of (5.54) for a`b ‰ 0, for these transformations where already deformed at the infinitesimal
level. However, by construction of this algebra, they must be a symmetry in some deformed
sense, but here we will not attempt to identify these transformations explicitly.
6 Background independence
In this section we confirm and elucidate the conclusion that there is no generalized metric
formulation for α1-deformed double field theory, unless a “ ´b, from the point of view of
manifest background independence. Let us recall the expansion (2.40) of the generalized metric
around a constant background,
HMN “ H¯MN ` hMN¯ ` hNM¯ ´
1
2
hKM¯ hKN¯ `
1
2
hM
K¯ hNK¯
´ 1
8
hKM¯ hK
L¯ hP L¯ hPN¯ `
1
8
hM
K¯ hLK¯ hL
P¯ hNP¯ ` Oph
6q ,
(6.59)
and let us also recall that, projecting this equation with background projectors P and P¯ based
on H¯, we have
hMN¯ “ PM
K P¯N
L
HKL . (6.60)
This follows because in the expansion (6.59) all higher order terms in h carry index projections of
the same type, either unbarred-unbarred or barred-barred. This relation allows one to translate
any action written in terms of hMN¯ into an action in terms of the generalized metric HMN . In
this sense there is always a generalized metric formulation, but the point is that the resulting
theory still depends on the background through the projectors in (6.60).7 It is not guaranteed
that the background structures will drop out. Therefore, the more precise statement of the
no-go result for a generalized metric formulation is that there is no background independent
generalized metric formulation, which we confirm in the remainder of this section.
Let us begin by recalling that the property of background independence has two different but
closely related meanings: First, one may have manifest background independence, which plainly
means that the theory does not depend on a background. An example is Einstein gravity written
in terms of the full metric tensor. Second, even if a theory is written with explicit background
structures it may still be secretly background independent in that any shift of the background
can be absorbed into a shift of the fields, possibly up to field redefinitions.8 An example is
Einstein gravity expanded around a background solution. Another example is any double field
theory based on a generalized metric but expanded as in (6.59). Given such a theory written in
terms of background structures and fluctuations hMN¯ we can test for background independence
7I would like to thank Ashoke Sen for discussions on this point.
8String field theory is actually background independent in this sense [31], see also [32].
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by performing a background shift given by the variation δχH¯MN “ ´χMN¯´χNM¯ , with constant
parameter χ, or equivalently for the projectors,
δχPMN “
1
2
pχMN¯ ` χNM¯q “ ´δχP¯MN , (6.61)
and asking whether we can find an opposite shift of the fluctuation hMN¯ so that the expansion
(6.59) and hence the corresponding action are invariant. Since the fluctuation is constrained
by P¯M
KhKN¯ “ PN
KhMK¯ “ 0, its variation needs to preserve this condition:
0 “ δχP¯M
K hKN¯ ` P¯M
KδχhKN¯ , etc. (6.62)
It is straightforward to verify with (6.59) that the variation satisfying this constraint and
δχHMN “ 0 is given by
δχhMN¯ “ χMN¯ `
1
2
χKM¯ hKN¯ ´
1
2
hM
K¯ χNK¯
´ 1
4
χM
K¯ hLK¯ hLN¯ ´
1
4
χKN¯ hM
L¯ hKL¯ `Oph
3q .
(6.63)
Note that the different index projections appearing here on the left-hand and right-hand sides
are as needed in order to satisfy (6.62). This result can also be computed from δχhMN¯ “
δχpPM
KP¯N
LqHKL by using (6.61).
We conclude that a manifestly background independent formulation in terms of a generalized
metric HMN exists for a given theory written in terms hMN¯ if and only if the theory is invariant,
possibly up to OpD,Dq covariant field redefinitions of hMN¯ , under the variations (6.61) and
(6.63) of background and fluctuation. Starting from the frame formulation of sec. 4, we will use
this criterion to prove that there is no manifestly background independent generalized metric
formulation for the α1-deformed double field theory unless a “ ´b.
We now return to the frame formalism and discuss background independence, following the
discussion in [28]. As was proved there and can be easily verified, the background expansion
ansatz (4.21) is invariant under
δ∆hAB “ ∆AB ` hA
C∆BC , δ∆E¯A
M “ ∆A
BE¯B
M , (6.64)
with constant parameter ∆AB satisfying ∆ab¯ “ ´∆b¯a. The background structures transform in
agreement with (6.61). To see this, we first note
δ∆E¯M
a “ ´E¯M
b∆b
a ` E¯M
b¯∆ab¯ , δ∆E¯N
b¯ “ ´E¯N
c∆c
b¯ ´ E¯N
c¯∆c¯
b¯ . (6.65)
Using this and the identification
χMN¯ “ 2 E¯M
a E¯N
b¯∆ab¯ , (6.66)
we compute
δχPM
N “ δχpE¯M
aE¯a
N q “ 1
2
`
χM
N¯ ` χNM¯
˘
, etc. (6.67)
As in previous sections, we will impose the gauge fixing condition hab “ ha¯b¯ “ 0, so that the
physical fields are encoded in hab¯. The compensating local frame transformations needed to
preserve this gauge choice under the background shifts (6.64) are given by
Λab “ ∆ab ` ha
c¯∆bc¯ , Λa¯b¯ “ ∆a¯b¯ ` h
c
a¯∆cb¯ . (6.68)
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Including these transformations in (6.64) we find for the background transformation of hab¯
δ∆hab¯ “ ∆ab¯ ` ha
c¯∆b¯c¯ `∆a
chcb¯ ` hac¯∆
cc¯ hcb¯ ´ α
1Σab¯ , (6.69)
where in Σ we have to substitute for Λ according to (6.68).
Let us first establish the relation to (6.63) to zeroth order in α1. This requires the identifi-
cations (4.32) and (6.66) in order to translate flat to curved indices. We then compute
δχhMN¯ “ 2pδ∆E¯M
aqE¯N
b¯hab¯ ` 2 E¯M
apδ∆E¯N
b¯qhab¯ ` 2 E¯M
aE¯N
b¯δ∆hab¯
“ χMN¯ `
1
2
χKM¯ hKN¯ ´
1
2
χN
K¯ hMK¯ `
1
4
hML¯ χ
KL¯ hKN¯ ,
(6.70)
where in the second line various terms cancelled. Note that this form, which is exact, does not
yet agree with (6.63). They differ in the terms quadratic in h and, more importantly, while the
above is exact, (6.63) requires higher order terms. We have to find an OpD,Dq covariant field
redefinition that relates both forms. Renaming the transformation in (6.63) as δ¯χ, it is easy to
check that
δ¯χhMN¯ “ δχhMN¯ ´ δχ
`
1
4
hML¯ h
KL¯ hKN¯
˘
`Oph3q , (6.71)
where to this order only the lowest-order variation in the second term enters. Thus, δχ and δ¯χ
agree up to a field redefinition. Note that this field redefinition leads to higher order terms in
the expansion of HMN that have the projections MN¯ , which did not appear in the expansion
scheme (6.59) but are perfectly allowed.9
Let us now turn to the first α1 correction. In this framework the background shifts in
general receive α1 corrections, because the compensating gauge parameters (6.68) need to be
inserted into the deformed frame transformations (4.28). Using (4.29) and the constancy of ∆
we compute
δ
p1q
∆ hab¯ “ ´
a
2
DaΛc
d ωb¯d
c ´ b
2
Db¯Λc¯
d¯ ωad¯
c¯
“ ´a
2
pDa ´ ha
c¯Dc¯qhc
d¯∆dd¯pΓb¯d
c ´ hce¯Γdb¯e¯ ´ hd
e¯De¯h
c
b¯q
´ b
2
pDb¯ ` h
c
b¯Dcqh
d
c¯∆d
d¯p´Γad¯
c¯ ´ hec¯Γd¯ae ´ h
e
d¯Deha
c¯q
“ ´a
2
Dahcd¯∆
dd¯ Γb¯d
c ` b
2
Db¯hdc¯∆
dd¯ Γad¯
c¯
` a
2
Dahcd¯∆
dd¯ hce¯ Γdb¯e¯ `
a
2
Dahcd¯∆
dd¯ hd
e¯De¯h
c
b¯ `
a
2
ha
c¯Dc¯hcd¯∆
dd¯ Γb¯d
c
` b
2
Db¯hdc¯∆
dd¯ hec¯ Γd¯ae `
b
2
Db¯hdc¯∆
dd¯ hed¯Deha
c¯ ` b
2
hcb¯Dchdc¯∆
dd¯ Γad¯
c¯ ` ¨ ¨ ¨
(6.72)
where we omitted terms of Oph4q. This result can now be translated into doubled OpD,Dq
indices by contracting with the background frame fields and using the relations (4.32) and (6.66).
Moreover, we use that the shift of the background frame does not receive an α1 correction,
9Although such terms complicate the background expansion of HMN they do simplify the gauge transforma-
tions since, as we have seen, for the variable hMN¯ emerging from the frame formalism at most quadratic terms
appear in the gauge transformations.
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because the background is assumed to be constant. We find
δp1qχ hMN¯ “ ´
a
8
BMhKL¯ χ
PL¯ ΓN¯P
K ` b
8
BN¯hKL¯ χ
KP¯ ΓMP¯
L¯
` a
16
BMhKL¯ χ
PL¯ hKQ¯ ΓPN¯Q¯ `
a
16
BMhKL¯ χ
PL¯ hP
Q¯BQ¯h
K
N¯ `
a
16
hM
K¯BK¯hLP¯ χ
QP¯ ΓN¯Q
L
` b
16
BN¯hKL¯ χ
KP¯ hQL¯ ΓP¯MQ `
b
16
BN¯hKL¯ χ
KP¯ hQP¯ BQhM
L¯ ` b
16
hKN¯BKhPQ¯ χ
PL¯ ΓML¯
Q¯ .
(6.73)
We observe that the background shifts receive α1-deformations that would not be present in a
pure generalized metric formulation with the expansion scheme (6.59). Next we have to analyze
to what extent these deformations are non-trivial in the sense that they are not removable by
field redefinitions. The terms in the first line are quadratic in h and can be trivially removed,
because we can replace the constant χ by a bare h, using that Bh is invariant under δχ. Thus,
defining
h1
MN¯
“ hMN¯ `∆
r3s
MN¯
`∆
r4s
MN¯
, (6.74)
with the number in brackets denoting the order of h, and setting
∆
r3s
MN¯
“ a
8
BMhKL¯ h
PL¯ ΓN¯P
K ´ b
8
BN¯hKL¯ h
KP¯ ΓMP¯
L¯ , (6.75)
produces terms that precisely cancel the terms in the first line of (6.73). Note that for this
we do not have to take into account the transformation of the background projectors, because
these only yield terms cubic in h. This result implies that there is no obstacle for background
independence and a generalized metric formulation to second order in perturbation theory (to
second order in fields), in agreement with our findings in sec. 2 and 3.10
Next, we inspect the terms cubic in h, for which we will see that the higher derivative terms
cannot be removed for general a, b. For this we have to compute
δχh
1
MN¯
“ χMN¯ `
1
2
χKM¯ hKN¯ ´
1
2
χN
K¯ hMK¯ ` δχ∆MN¯ ` δ
p1q
χ hMN¯
“ χMN¯ `
1
2
χKM¯ ph
1
KN¯
´∆
r3s
KN¯
q ´ 1
2
χN
K¯ ph1
MK¯
´∆
r3s
MK¯
q ` δp1qχ hMN¯
` δr0sχ ∆
r4s
MN¯
` δr1sχ ∆
r3s
MN¯
,
(6.76)
where again the numbers in square bracket denote the number of fields. Moreover, the δ
r1s
χ in
the last term includes the transformation of the background strcutures, which also leaves the
number of h unchanged. The challenge is now to simplify the χ-variations by determining an
appropriate ∆r4s. After a somewhat tedious but straightforward computation one finds that
with
∆
r4s
MN¯
“ a
16
BMhKL¯ h
PL¯ hKQ¯ BQ¯hPN¯ `
b
16
BN¯hKL¯ h
KP¯ hQL¯ BQhMP¯
´ a
16
BMhKL¯ h
PL¯ hP
Q¯ BQ¯h
K
N¯ ´
b
16
BN¯hKL¯ h
KP¯ hQP¯ BQhM
L¯
´ a
16
hM
K¯BK¯hLP¯ h
QP¯ ΓN¯Q
L ´ b
16
hKN¯ BKhPQ¯ h
PL¯ ΓML¯
Q¯ ,
(6.77)
10For instance, the field redefinition (6.75) induces in the gauge transformations terms of the form BhBhBξ,
relevant for second order perturbation theory.
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the final χ transformation simplifies significantly. Dropping the prime, the background trans-
formations read
δχhMN¯ “ χMN¯ `
1
2
χKM¯ hKN¯ ´
1
2
χN
K¯ hMK¯ `
1
4
hML¯ χ
KL¯ hKN¯
` 1
16
pa` bq BMhKL¯ χ
PL¯ hKQ¯ BN¯hPQ¯ .
(6.78)
The term in the last line vanishes for the case a “ ´b of the HSZ theory, but otherwise cannot
be removed, as is easy to see. Indeed, although one could change that term by performing
another redefinition by adding a term proportional to BMhKL¯ h
PL¯ hKQ¯ BN¯hPQ¯, this would just
change the order of χ and h, but not remove that term.
The above result proves that there is no background independent formulation based on
the generalized metric for general a, b. Indeed, if one had such a formulation, without loss of
generality one could expand around a background as in (6.59), for which the background shifts
receive no α1 corrections. Let us also emphasize that this result is not in conflict with the fact
that in sec. 5 we found a manifestly background independent formulation in terms Eij, because
this field transformed in a non-standard way under OpD,Dq, while the above background shifts,
redefinitions, etc., are manifestly OpD,Dq covariant in the original sense.
7 Discussion and Outlook
In this paper I proved that, upon including α1 corrections, there is no formulation of classical
string theory in terms of the usual fields that makes both background independence and duality
invariance manifest. More precisely, the universal background independent massless fields —
metric, b-field and dilaton — cannot be organized into OpD,Dq covariant objects (the general-
ized metric HMN or the non-symmetric metric Eij transforming in the fractional linear form)
to first order in α1. A manifestly background independent and OpD,Dq invariant formulation
can, however, be obtained by use of a frame formalism, thereby introducing pure gauge degrees
of freedom under (generalized and α1-deformed) frame transformations. As reviewed in the
introduction, the mere existence of such DFT formulations guarantees compatibility with the
dualities of string theory.
In order to elucidate this point, it is instructive to recall how these dualities are convention-
ally tested in the spacetime theory. Here one performs a dimensional reduction on a torus T d,
taking the fields to be independent of the d internal coordinates ym, and then shows that the
resulting theory admits an Opd, dq invariance. While to lowest order in α1, at the two-derivative
level, this can be achieved in a relatively straightforward manner [2], to higher order in α1 it
becomes exceedingly tedious and so far has only been worked out in ‘cosmological reductions’ to
one dimension [6,37] or subject to further truncations [38]. Part of the complication is that the
expression for the generalized metric in terms of g and b receives α1 corrections. Equivalently,
the Opd, dq action on the original fields is α1 deformed, as suggested by the DFT results. Never-
theless, in dimensional reduction it is possible to write the action in terms of a field H satisfying
HηH “ η. This is consistent with the DFT results presented here, because the Opd, dq only
acts on the d coordinates on which the fields no longer depend, so that Opα1q terms as e.g. in
(6.78) drop out.
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The results of α1-deformed DFT imply that the combination of three basic principles (duality
invariance, gauge invariance and background independence) leads to a powerful framework that
strongly constrains the α1 corrections. Indeed, in the formulation of [16] it was shown that the
α1-deformed generalized Green-Schwarz transformations uniquely determine the action to first
order in α1, up to the two free parameters a, b that are needed in order to encode bosonic string
theory, heterotic string theory and the ‘interpolating’ HSZ theory [13]. While in this paper we
did not attempt to construct a gauge invariant action, it is clear that to first order in α1 this could
be done upon augmenting the construction of [16], which is based on a doubled local Lorentz
symmetry, by the gauge degrees of freedom corresponding to the enlarged GLpDq ˆ GLpDq
symmetry. More importantly, it remains to develop a full geometry for these symmetries, with
suitably generalized connections or, perhaps, even more novel concepts, which would allow one
to define a manifestly gauge invariant action.
An important aspect of the problem of finding a proper geometric framework for the α1-
deformed frame symmetries is to extend the closure condition beyond first order in α1. Almost
certainly this requires a further deformation of the gauge transformations and/or the gauge
algebra. Ideally, one would like to have gauge transformations that close exactly and hence be
able to define an action that is exactly gauge and duality invariant, as is the case for the HSZ
theory [13]. One may speculate that this is possible upon further enlarging the gauge structure
and introducing ‘higher’ gauge modes, but so far no concrete proposal has presented itself. If an
exact formulation exists, most likely it would include an infinite number of higher-derivative α1
corrections. This does not imply, however, that such a theory includes all α1 corrections of string
theory, for it could be expected that there are different invariants starting at a higher number of
derivatives. Correspondingly, there may be new free parameters, analogous to the parameters
a, b encountered to first order in α1. It thus remains to be seen to what extent the α1-deformed
gauge symmetries determine the higher derivative corrections of string theory uniquely, but the
results obtained so far show that they are strongly constrained by the symmetry principles of
DFT. Moreover, for type II strings and M-theory one has to invoke U-dualities, as realized in
the formulation of [39], which will further constrain the higher-derivative corrections.
Let me finally comment on the possible significance of these results for the full string theory.
So far we have considered classical string theory for the massless fields, which is known to realize
the continuous Opd, d;Rq symmetry. I uncovered an obstacle that arises when trying to make
both this duality invariance and background independence manifest before compactification.
We have seen that the duality transformations of the standard fields g and b are no longer
given by the expected group action, but rather these transformations receive non-trivial α1
corrections. In the full string theory on toroidal backgrounds these fields depend on the doubled
coordinates subject to the weak (level-matching) constraint that allows for a simultaneous non-
trivial dependence on x and x˜. The periodicity conditions on x and x˜ following from the torus
topology then imply that the duality group is the discrete Opd, d;Zq. Recent results by Sen
suggest that the massless fields together with their massive Kaluza-Klein and winding modes
provide a consistent subsector of string theory [40], and if so the ‘strongly constrained’ double
field theory investigated in this paper can in turn be viewed as a subsector hereof. Therefore, the
α1-deformations of theOpd, d;Rq symmetry identified here must be consistent with theOpd, d;Zq
symmetry of the full string theory. This may seem puzzling since discrete symmetries cannot
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receive small deformations, but since one is now restricting to toroidal backgrounds one may at
best demand a restricted property of background independence so that it is no longer clear in
which form the obstacles discussed here may manifest themselves. Indeed, we have seen that
for the fluctuation fields around such backgrounds the Opd, dq symmetry remains undeformed
and hence there is no obstacle for restricting to the discrete subgroup in a background dependent
formulation. It has been speculated since the 1980s, however, that a doubling of coordinates in
string theory may be important and fundamental more generally (see e.g. [41–45]). If such a
proposal will turn out to be correct in one form or another, the issues identified in this paper
will play a role for any background independent formulation of the full string theory, which
certainly will require very novel geometric concepts.
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